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Structured Local Optima in
Sparse Blind Deconvolution

Yugian Zhang, Han-Wen Kuo, and John Wright

Abstract—Blind deconvolution is a ubiquitous problem aiming to recover a convolution kernel ag € R* and an activation signal
xo € R™ from their convolution y € R™. Unfortunately, this is an ill-posed problem in general. This paper focuses on the short
and sparse blind deconvolution problem, where the convolution kernel is short (k < m) and the activation signal is sparsely and
randomly supported (||zol|, < m). This variant captures the structure of the convolutional signals in several important
application scenarios. In this paper, we normalize the convolution kernel to have unit Frobenius norm and then cast the blind
deconvolution problem as a nonconvex optimization problem over the kernel sphere. We demonstrate that (i) in a certain region
of the sphere, every local optimum is close to some shift truncation of the ground truth, and (ii) for a generic unit kernel ag, when
the sparsity of activation signal satisfies < k—2/3 and number of measurements m > poly (k), the proposed initialization
method together with a descent algorithm which escapes strict saddle points recovers some shift truncation of the ground truth

kernel.

Index Terms—Blind Deconvolution, Nonconvex Optimization.

1 INTRODUCTION

B LIND deconvolution is the problem of recovering two
unknown signals ag and x from their convolution
.

Blind deconvolution is the problem of recovering
two unknown signals ag and xy from their convolu-
tion y = ag * xp. This fundamental problem recurs
across several fields, including astronomy, microscopy
data processing [CSL*17], neural spike sorting [Lew98],
computer vision [KH96], etc. However, this problem is
ill-posed without further priors on the unknown signals,
as there are infinitely many pairs of signals (a, ) whose
convolution equals a given observation y. Fortunately,
in practice, the target signals (a, ) are often structured.
In particular, a number of practical applications exhibit a
common short-and-sparse structure:

In Neural spike sorting: Neurons in the brain fire brief
voltage spikes when stimulated. The signatures of the
spikes encode critical features of the neuron and the
occurrence of such spikes are usually sparse and random
in time [Lew98], [ETS11].

In Microscopy data analysis: The nanoscale materials
of interests are contaminated by randomly and sparsely
distributed “defects”, which can dramatically change the
electronic structure of the material [CSL*17].
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In Image deblurring: Blurred images due to camera
shake can be modeled as a convolution of the latent
sharp image and a kernel capturing the motion of the
camera. Although natural images are not sparse, they
typically have (approximately) sparse gradients [CW98],
[LWDF11].

In the above applications, the observation signal y €
R™ is generated via the convolution of a short kernel
ao € RF with k < m and a sparse activation coefficient
xo € R™ with |||, < m. Without loss of generality,
we let y denote the circular convolution of ag and xq

Y =ag®xo=ag® xo, (1)

with @y € R™ denoting the zero padded m-length
version of @y, which can be expressed as ag = tiao.
Here, ¢, : R¥ — R™ is a zero padding operator. Its
adjoint ¢} : R™ — R acts as a projection onto the lower
dimensional space by keeping the first k components.
The short-and-sparse blind deconvolution problem
exhibits a scaled-shift ambiguity, which derives from the
basic properties of a convolution operator. Namely, for
any observation signal y, and any nonzero scalar o and
integer shift 7, the following equality always holds

y = (Fas,[ag)) ® (o~ 's_;[z0]). 2)

Here, s_,[v] denotes the cyclic shift of the vector v by 7
entries:

sew]i) =v(i—7—1]m+1), Vie{l,---,m}.
®)

Clearly, both scaling and cyclic shifts preserve the
short-and-sparse structure of (ag, o). This scaled-shift
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Fig. 1: Structured Local Minimum
[ZLK"17]. Top: observation y = ao ® o,

ground truth ao and x¢; Bottom: recovered
a ® x, a, and x at one local minimum.

symmetry raises nontrivial challenges for computation,
making straightforward convexification approaches inef-
fective, and leading to complicated nonconvex optimiza-
tion landscape. [ZLK " 17] considers a natural nonconvex
formulation of sparse blind deconvolution, in which the
kernel @ € R* is constrained to have unit Frobenius
norm. [ZLK"17] argues that under certain idealized
conditions, this problem has well-structured local optima,
in the sense that every local optimum is close to some shift
truncation of the ground truth. The presence of these local
optima can be viewed as a result of the shift symmetry
associated to the convolution operator: the shifted and
truncated kernel ¢} s;[ag] can be convolved with the
sparse signal s_.[x] (shifted in the opposite direction)
to produce a near approximation to y:

(4)

In [ZLK"17], the geometric insight about local min-
ima is corroborated with a lot of experiments, but
rigorous proof is only available under rather restrictive
conditions. In this paper, we adopt the unit Frobenius
norm constraint as in [ZLK"17], but consider a different
objective function over the sphere (denoted as S*~1). We
formulate the sparse blind deconvolution problem as the
following optimization problem:

(ersrao]) ® s—r[zo] = y.

lglm=1 )

Here, y denotes the reversal' of y and 7, (q) is a
preconditioner which we will discuss in detail later.
Convolution § ® r,, (q) approximates the reversed un-
derlying sparse activation signal xy, and — ||- ||j1l serves
as the sparsity penalty.

This paper studies the function landscape of the
short-and-sparse blind deconvolution problem assuming
the short k-length convolutional kernel lives on a unit
Frobenius norm sphere S*~!. We demonstrate that even
when x is relatively dense, a shift truncation ¢} s, [ag]
of the ground truth still can be obtained as one local
minimum in certain region of the sphere. This benign
region contains the sub-level set of small objective value,
and an initial point with small objective value can be

. y 4
min — ||y ® 7y (q), s-t.

1. Denote y = [y1,y2," - ,ym,l,ym]T, then its reversal y =
T

(Y1, Yms Ym—1,- -, y2]

2

easily found. Specifically, for a generic kernel uniformly
sampled from the sphere ag € S¥71, if the sparsity rate
0 < k~2/3 and the number of measurement m > poly(k),
initializing with some £ consecutive entries of y and
applying any optimization method which (i) is a descent
method, and (ii) converges to a local minimizer under a
strict saddle hypothesis [[GN*17], [XRKM17], produces
a near shift-truncation of the ground truth.

1.1 Related Works

Even after accounting for the scale ambiguity, the general
blind deconvolution problem remains ill-posed. Different
types of prior knowledge about the unknown signals
have been introduced to make the blind deconvolution
problem well posed. For example, if the signals a and x
live on known linear subspaces, the blind deconvolution
problem can be cast as a low-rank matrix recovery
problem, and solved via semidefinite programming.
[ARR12] proves that if one of the subspaces is random
and the other satisfies a spectral flatness condition,
this approach recovers the pair (ag, o) up to scale.
[LLSW16] provides a more efficient nonconvex algorithm
for blind deconvolution under this subspace model.
[LS15] consider a more complicated model in which
one of the signals is sparse in some known dictionary.
[LLJB17] considers the case where both convolutional
signals are sparse in some known dictionaries. These
known dictionaries are assumed to be random (e.g.,
Gaussian or partial Fourier). Identifiability of these
blind deconvolution problems is investigated in [LLB16],
[LLB17]. [LS17] further addresses a simultaneous demix-
ing and deconvolution problem, where the observation
is the superposition of multiple convolutions.

The above results offer efficient and guaranteed
algorithms for blind deconvolution problems in which
the signals of interest are sparse in a random dictionary.
However, in the short-and-sparse blind deconvolution
problem in microscopy image analysis or neural spike
sorting, the sparse signal is sparse with respect to the
standard basis rather than a random dictionary. Any
cyclic shift of a standard basis is another standard
basis, therefore the short-and-sparse blind deconvolution
problem is only identifiable up to shifts. This is in
contrast to the aforementioned random models, which
only exhibit scale ambiguity. When casting the short-and-
sparse blind deconvolution problem as an optimization
problem, this shift ambiguity creates a large group
of equivalent global solutions (convolutional pairs of
opposite shifts s;[ag] and s_,[x]) and therefore much
more complicated optimization landscape.

For sparsity in the standard basis, [CM14], [CM15]
show that sparsity alone is not sufficient for unique
recovery, by demonstrating the existence of manifolds
(a,x) of signals that are not identifiable from the con-
volution y = a * x. This construction requires both the
support and magnitudes of the two signals to be regular:
the support of x needs to have the form J U s1(J) for
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some set J, and the nonzero entries of x to take on
specific values. When « is either Bernoulli or Bernoulli-
Gaussian, with probability one, the pair (a, x) does not
fall in this non-identifiable set. [Chil6] proposes a convex
relaxation for a variant of the sparse blind deconvolution
problem in which a lies in a random subspace and
x is a superposition of spikes with continuous-valued
locations. A strong point of this method is that it avoids
discretization. Because of the random subspace model
on a, the results of [Chil6] are not directly comparable to
ours. However, if the rates from this work were adapted
to the short-and-sparse setting, they would require x
to be sparse enough that the observation y contains
many isolated (non-overlapping) copies of a. This seems
to reflect a fundamental limitation of convexification
approaches in handling signals with multiple structures
[OJF15]. [WC16] studies another variant where multiple
independent observations of circulant convolutions are
available, motivated by multi-channel blind deconvolu-
tion. Although the convolution kernel is short compared
to the total measurements, each independent “short”
measurement is self contained. While in the short-and-
sparse blind deconvolution problem, only one measure-
ment is available and any “short” measurement heavily
depends on adjacent measurements. This nuance leads
to much more complicated optimization geometry.

Although the theory of short-and-sparse blind de-
convolution remains completely open, many nonconvex
algorithms have been developed and practiced in com-
puter vision, where the convolution kernel captures the
image blurring process due to camera shake [LWDF11].
Motivated by this physical model, people assume the
convolutional kernel to be entry-wise nonnegative and
sums up to 1, and then minimize the objective function
of following form

i sy — A
i min 3y —a @]+ Az,

(6)

In the image deblurring application, « represents the
gradient of a natural image and ||-||, penalizes the
sparsity of . However, such formulation always admits
one local minimum obtained at the convolutional pair
(a,x) = (d,y) [BVG13], [PF14]. In contrast, [WZ13],
[ZWZ13] carefully compare the difference in MAP and
VB approaches, and propose to instead constrain a to
have unit Frobenius norm - i.e., to reside on a high-
dimensional sphere. [ZLK"17] studies the optimization
landscape of the sphere constrained sparse blind decon-
volution and firstly identifies the structure of the local
solutions. In particular, [ZLK"17] casts the short-and-
sparse blind deconvolution problem as an optimization
problem over the sphere:

@)

i mind [ly - a o)} + Az,
and presents empirical evidence that local minima a are
close to certain shift truncations of ag. [ZLK17] further
proves that a “linearized” version of (7), which neglects

3

quadratic interactions in a, satisfies this property, in
the “dilute limit” in which the sparse signal x( is a
single spike. In this paper, we demonstrate that for a
different objective function, this claim holds under much
broader conditions than what is proved in [ZLK"17]. In
particular, our results allow the sparse signal x( to be
much denser.

1.2 Assumptions and Notations

We assume that g € R" follows the Bernoulli-Gaussian
(BG) model with sparsity level 0: xq (i) = w;g; with
w; ~ Ber (0) and g; ~ N (0, 1), where all the different
random variables are jointly independent. For simplicity,
we write o ~; ;.4. BG ().

Throughout this paper, vectors v € R¥ are indexed
as v = [v1,v9, - ,v;], and [],,, denotes the modulo
operator of m. We use |-||, to denote the operator norm,
[/l z to denote the Frobenius norm, and |-, to denote
the entry wise ¢” norm. (-); denotes the projection
onto subset with index I and Ps [-] = 17— denotes the
projection onto the Frobenius sphere. (-)” is the entry
wise p-th order exponent operator. We use C, ¢ to denote
positive constants, and their value change across the
paper.

Furthermore, we refer a short kernel sampled follow-
ing a uniform distribution over the sphere as a generic
kernel on the sphere.

2 PROBLEM FORMULATION AND MAIN RE-
SULTS
In the short-and-sparse blind deconvolution problem,

any k consecutive entries in y only depend on 2k — 1
consecutive entries in xg:

Y = {ym T ’y1+[i+k*1]m} 8)

k—1
= Y. Tigfiero,  tse(ao) ©)
T=—(k—1)

ap  Qg—1 - ai .0 0 L1+[i—kK],,
0 Qg e a9 e 0 0 .
0 0 ag—1 -+ ay 0
0 0 ar - as ai

L1+ [i+k—2],,

A ERFX (2R—1) 2 ER(2k—1)x1

(10)

Note that matrix A satisfies

2
2
IIllIl — HAO elH - ||a'0||2 S HAgaOH < 0'2

— Ymax-*
2

(11)

JYm] € RFX™ and X, =
€ RZ~1xm_ Using the above expression,

Write Y = [y1,¥2,...
[Z1,. .. Tm]
we have that

Y = AgXo. 12)
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Each column x; of X only contains some 2k — 1 entries
of xo. The rows of X are cyclic shifts of the reversal of

xo: s0[®o]
Xy = |: : :| .
s2k—2[®o]

The shifts of &g are sparse vectors in the linear subspace
row(Xy). Note that if we could recover some shift
sr|&o], we could subsequently determine s_.[ag] by
solving a linear system of equations, and hence solve the
deconvolution problem, up to the shift ambiguity.

(13)

2.1 Finding a Shifted Sparse Signal

In light of the above observations, a natural compu-
tational approach to sparse blind deconvolution is to
attempt to find xy by searching for a sparse vector
in the linear subspace row(Xy), e.g., by solving an
optimization problem

min
s. t.

o]l (14)

v € row (Xo), [|v|l, =1,

where ||-||, is chosen to encourage sparsity of the target
signal [SWW12], [SQW15], [QSW16], [HSSS16].

In sparse blind deconvolution, we do not have access
to the row space of X. Instead, we only observe the sub-
space row(Y) C row(Xy). The subspace row(Y") does
not necessarily contain the desired sparse vector el X,
but it does contain some approximately sparse vectors. In
particular, consider following vector in row(Y"),

v = YTCLO = xy +
sparse

3 (a0, silaol) silzo] . (15)

i#£0

“noise” z
The vector v is a superposition of a sparse signal & and
its scaled shifts (ao, s;[ao]) si[®o]. If the shift-coherence
sup, g | (@o, s-[ao]) | is small* and @, is sparse enough,
z can be viewed as small noise.’> The vector v is not
sparse, but it is spiky: a few of its entries are much larger
than the rest. We deploy a milder sparsity penalty — ||- ||j
to recover such a spiky vector, as ||- ||j is very flat around
0 and insensitive to small noise in the signal.* This gives

: 4
min  —1 [|[v], (16)

s.t. verow(Y), [jv|,=1.

We can express a generic unit vector v € row(Y) as
v=Y7T (YYT)_l/2 g, with ||v||, = ||q||,. This leads to
the following equivalent optimization problem over the
sphere

4

min ¢ (q) = IYT (YYT) e q

1
4m 4

2. For a generic kernel ag, the shift-coherence is bounded as
Sup,g [{ao, srlao])| < /logk/k.

3. In particular, under a Bernoulli-Gaussian model, for each j,
]E[ZJQ] =03 20 (a0, silag])?.

4. In comparison, the classical choice ||-||, = ||:||; is a strict
sparsity penalty that essentially encourages all small entries to be 0.

4

st llally = 1. a7

Interpretation: Preconditioned Shifts. This objective
1 (q) can be rewritten as

1. -1/2 ||
@)= ‘ o (Y¥T) Ta (18)
1. ~1/2 ||*
= Hwo ® AT (YYT) a @
~ o @ ¢t (20)

where ¢ = Al (AyAl)~'/2q. This approximation be-
comes accurate as m grows, as

EmoNi.i.d.BG(G) [YYT]
= EwONi.i.d.BG(9) [AOXOXgAg] (21)
= 0mA AL (22)

This objective encourages the convolution of &y and ¢
to be as spiky as possible. Reasoning analogous to (15)
suggests that €9 ® ¢ will be spiky if

—1/2
¢=AJ (AAT) Ta=e, Le{l,- 26— 1),
(23)

For simplicity, we define the preconditioned convolution
matrix

—1/2
Ai(AOAE) Ap=[a1 ay azn-1] ,

(24)

with column coherence (preconditioned shift coherence)
W =max;+; |(a;,a;)|. As A is preconditioned, we have
€Iz = llgll; =1 and

lails < |ATa;

<laill, = Jlai, <1 @)
Here, the unit vector ¢ can also be interpreted as
measuring the inner products of g with columns of
A. We will show that minimizing this objective over
a certain region of the sphere yields a preconditioned
shift truncate a;, from which we can recover a shift
truncate of the original signal ag.

2.2 Structured Local Minima

We will show that in a certain region R¢, C SF71,
the preconditioned shift truncations a; are the only
local minimizers. Moreover, the other critical points in
Rc, can be interpreted as resulting from competition
between several of these local minima (Figure 2). At any
saddle point, there exists strict negative curvature in the
direction of a nearby local minimizer which breaks the
balance in favor of some particular a;. The region R¢,
is defined as follows:

Definition 2.1. For fixed C, > 0, letting ~ denote the
condition number of Ao, and p = max;x; |[(a;,a;)| the
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Fig. 2: Saddles points
are approximately
balanced superpositions
of local minima.

column coherence of A, we define two regions R¢,, Rc, C
Sk—1 s

Reo, = {q e st HATqu > O, uk? HATqHz} . (26)
Re. = {q e sh1| HATqu > C*/m2} CRe.. (27)

A simpler and smaller region R, is also introduced
in Definition (2.1). This region 7@0* can be viewed as
a sub-level set for — || A”q| i, which is proportional
to the objective value ¢ (q) assuming m is sufficiently
large®. Therefore, once initialized within 7@0* , t}}e iterates
produced by a descent algorithm will stay in R¢, .

In particular, at any stationary point g € Ry, the
local optimization landscape can be characterized in
terms of the number of spikes (entries with nontrivial
magnitude®) in ¢. If there is only one spike in ¢, then
such stationary point q is a local minimum that is close to
one local minimizer; if there are more than two spikes in
¢, then such stationary point q is saddle point. Based on
the above characterizations of stationary points in R,
with C, > 10, we can deduce that any local minimum is
close to some a;, a preconditioned shift truncation of the
ground truth ag.

Theorem 2.2 (Main Result). Assuming observation y €
R™ is the circulant convolution of ag € RF and g ~i;.q.
BG (§) € R™, where the convolutional matrix Ao has
minimum singular value omin > 0 and condition number
k > 1, and A has column coherence 0 < pu < 1. There
exists a positive constant C' such that whenever the number of
measurements

min {,u_4/3, n2k2}
m > C 5
(1-0)" o2

min

k
8741503 ( K )
" & (1 - 9) Omin
(28)
and 6 > log k/k, then with high probability, any local optima

g € Rac, satisfies
(@, Pslai)l > 1 —con?

for some integer 1 < | < 2k — 1. Here, C,, > 10 and
¢ = 1/C,.

(29)

This theorem says that any local minimum in 7%20*
is close to some normalized column of A given polyno-
mially many observation. The parameters oin, £ and p

5. Please refer to Section 3 for more arguments.
6. We call any ¢; with magnitude no smaller than 2 ||(H§ / ||CH§1l
to be nontrivial and defer technical reasonings to later sections.

5

effectively measure the spectrum flatness of the ground
truth kernel ay and characterize how broad the results
hold. A generic kernel usually has larger o,in, smaller &
and p, which equivalently implies the result holds in a
large sub-level set 7A220* even with fewer observations.”

Hence, once assuring the algorithm finds a local
minimum in 7A€20* , then some shifted truncation of the
ground truth kernel ag can be recovered. In other words,
if we can find an initialization point with small objective
value, then a descent algorithm minimizing the objective
function guarantees that ¢ always stays in Ryc, in
proceeding iterations. Therefore, any descent algorithm
that escapes a strict saddle point can be applied to find
some a;, or some shift truncation of a.

23

Recall that y; = Agx;, which is a sparse superposition
of about 20k columns of Ay. Intuitively speaking, such
Qinit already encodes certain preferences towards a few
preconditioned shift truncations of the ground truth.
Therefore, we randomly choose an index 4 and set the
initialization point as

Ginit = Ps [(YYT)_1/2 yz:| :

Using Eqy o, o Ba(o)[YY '] = 0mA Al again, we have

Initialization with a Random Sample

(30)

Cinit = AT qinit = Ps [ATAII%} : (31)
For a generic kernel ag ¢ Sk=1, AT A is close to
a diagonal matrix, as the magnitudes of off-diagonal
entries are bounded by column incoherence y:. Hence, the
sparse property of x; can be approximately preserved,
that Ps [AT Az;] is spiky vector with small — H||jlL By
leveraging the sparsity level 6, one can make sure such
initialization point gin;i; falls in 722(;*. Therefore, we pro-
pose Algorithm 1 for solving sparse blind deconvolution
with its working conditions stated in Corollary 2.3. For
the choice of descent algorithms which escape strict
saddle points, there are several such algorithms specially
tailored for sphere constrained optimization problems
[ABGO7], [GWYO09].

Corollary 2.3. Suppose the ground truth aq kernel has
preconditioned shift coherence 0 < p < 8;48 10g73/ (k)
and sparse coefficient xg ~;i ;4. BG (0) € R™. There exist

positive constants C' > 2560% and C’ such that whenever the
sparsity level

64k logk < 0 < min { L2k log ? &,

(3 — 889 (3C,uw?) 2kt (14 36p%k log k) 7 ),
and signal length
m > max {C0%02 k5K (1+ 36p2klog k) log (rk)

min

7.In comparison, a low pass or high pass signal always has
smaller onmin, bigger « and p, with simulations presented in the
Appendix (Figure 7).
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Algorithm 1 Short and Sparse Blind Deconvolution

Input: Observations y € R™ and kernel size k.
Output: Recovered Kernel a.
1: Generate random index i € [1,m] and set

Qinit = Ps [(YYT>_1/2 yi} .

2: Solve following nonconvex optimization problem
with a descent algorithm that escapes saddle point
and find a local minimizer

g min ¢(q).

q=ar
qegk—l

3 seta =Ps (YY) q].

C'(1-60)"% o2 min {p~!, K2k} %K1 log® (kk) },
then with high probability, Algorithm 1 recovers @ such that
@ = Ps [eis- [@olllly < 4v/er + k™!

for some integer shift — (k — 1) <7 <k —1.

(32)

For a generic ag € S¥7!, plugging in the nu-
merical estimation® of the parameters omin, £ and g
(Figure 3), accurate recovery can be obtained with
m 2 02k° poly log (k) measurements and sparsity level
6 < k=2/3 poly log (k). For bandpass kernels ag, omin is
smaller and &, 1 are larger, and so our results require xg
to be longer and sparser.

3 ASYMPTOTIC FUNCTION LANDSCAPE

In the next two sections, we discuss some key elements
of our analysis. In this section, we first investigate the
stationary points of the “population” objective E, [¢(q)]-
We demonstrate that any local minimizer in R¢, is
close to a signed column of A, a preconditioned shift
truncation of ag. In the next section, we then demonstrate
that when m is sufficiently large, the “finite sample”
objective 1)(q) satisfies the same property.

In Section 3.1, we show how to accurately estimate
the vector { = A”q at any stationary point g € Rc,.
In Section 3.2, we show how the number of spikes in ¢
determines the geometry around a stationary point.

o For any stationary point g € R¢,, its precondi-
tioned cross-correlation ¢ has at least one large
entry (Section 3.2.1). This implies that any station-
ary point g must be close some local minimizer.

e If ¢ has only one large entry, then q is a local
minimizer. (Section 3.2.2)

o If ¢ has more than one large entry, then q is a strict
saddle point. (Section 3.2.3)

8. Exact and rigorous calculation of these parameters involves
property of the banded Toeplitz matrix, which has been under
intense study while remains open.

6

With above three characterizations, we can deduce that
any local minimizer in R¢, is close to some column of
A, a preconditioned shift truncation of ay.

3.1 Stationary Points

Using Eqony, . Ba@)[YYT] = 0mAgA{ again, the
expectation of the objective function 1) (g) can be ap-
proximated as

4

4]

EmONi.i.d.BG(e) [w(q)]

1 —1/2
~ Eggniia.BGO) [_m HYT (eonAOT> q

= gy [0 - 7o 0 a7
-2 -

In the next section, we will argue that the critical
points of the finite sample objective 1(q) are close
to those of the asymptotic approximation ¢. We can
therefore study the critical points of ¢ by studying the
simpler problem

. . 1 T 4 1 4
Join ¢ (@) == HA QH4 =~ ¢l

(34)

The Euclidean gradient and Hessian for ¢(q) can be
calculated as

VQO(q) = _ACO3’
VZp(q) = —3Adiag (¢°?) A”.

(35)
(36)

We can study the critical points of ¢ over the sphere
using the Riemannian gradient and Hessian [AMS07]

grad p(q) = Py1 [Vo(q)] (37)
= —ACP +q|C|}, (38)
Hess ¢(q) = P,1 [V?¢(q) — (Vo(q),q) I] Pye (39)

= —PqL[:aA diag(¢°2) AT—||¢||* I} P,..
(40)

Here, P,. = I — qq" denotes the projection onto the
tangent space of the Frobenius sphere at point g € S¥~1.

As in the Euclidean space, a stationary point on
the sphere satisfies grad [¢] (q) = 0. Using (38), at any
stationary point of ¢,

AC —ql¢]7 = 0.

Left-multiplying both sides of the equation by A”, we
have

(41)

ATAC — ATq|¢]; = o. (42)
For the i-th entry, following equality always holds
2 4
0= flaill; ¢+ (@i a;) ¢~ GliClly  49)

J#i
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3
ai,a
= OZCB Q ||C||4 .7751< >C (44)
||az||2 lail;
——
i Bi
For simplicity, we deploy the following notations
41 Xz (@i, a5) ¢
=, fi= ST (45)
a2 laill

If o; > B;, Proposition 3.1 shows that ; is very close to
one of three values: 0, or £./a;.

Proposition 3.1. Let q € Sk ! be a stationary point
satlsfymg ||ATqH , then the i-th entry of
¢ = ATqfalls in the r range

{0, £ya} +

252

(46)

with

Zj;éi (ai,aj) C?
T
il

Bi = (47)

P =

Proof. Since ||¢|S >
index 7 we have

6 3
€1y = 4uliCl; = 4lailly Y (ai,aj) G-
i#i

4u[¢ll3 and flaill, < 1, for any

(48)

This implies 3; < %a?/ ? for any index 7. Therefore, the

roots can be estimated by applying Lemma A.2 with

I¢113
Vi = il w
28; _ 2374 (as, a;) ¢} < 2/~‘HC”§ (50)
” ¢l G
O

This implies that either |(a;, q)| is large (= |/«;) or it
is very close to zero. In other words, a stationary point
g € R, is either close to or far away from a column a;.

3.2 Function Landscape on R,

In this section, we study the optimization landscape
around a stationary point g by bounding the eigenvalues
of the Riemannian Hessian Hess [¢] (q): if Hess [¢] (q)
is positive semidefinite, then the ¢ is convex in a
neighborhood of g and hence q is a local minimum; if
Hess [¢] (@) has a negative eigenvalue, then there exists a
direction along which the objective value decreases and
hence q is a saddle point.

Note that the Riemannian Hessian Hess [¢] (q) at sta-
tionary point q is a function of ¢, which can be accurately
estimated when constrained in R¢, with C, > 10. By
plugging the estimation of ¢ in the Riemannian Hessian,
we can bound the eigenvalues of Hess [¢] (g), and hence
we can characterize the optimization landscape around
a stationary point q.

3.2.1 Nontrivial Preference of a Stationary Point
First, we demonstrate that for any stationary point q €
Rc, with C, > 10, ¢ must have at least one large entry.
Lemma 3.2. For any stationary point q € R, with C, >
10, s
2u €l
-
€1l
Proof. We give a proof by contradiction. Suppose that

q € Rc, with C, > 10, and every entry of C has small
magnitude such that ||{]|,, < 2u ||CH / HC||4, then

1€l = (51)

115 = (¢°%,¢°%) (52)

< (¢ ¢l 1) (53)

= [¢I%, (54)

< (?)2 (55)
4u 4p2 |I¢1IS

Tolely 0

which indicates ||¢||$ 4 < 2u HC I3 5 and contradicts the
assumption ||¢||S 2> Copr? € H3 Therefore, at least one
entry of ¢ has large enough magnitude. O

Geometrically, the nontrivial entry (; indicates the
preference to corresponding column a;, as (; = (a;, q).
Therefore, Lemma 3.2 implies that any stationary point
g in R¢, should be close to at least one column of A.

3.2.2 Local Minima

Suppose g € R¢, (Cx > 10) is a stationary point and
vector ¢ only has one nontrivial entry (;, then we can
demonstrate that the Riemannian Hessian Hess ¢ (q) is
positive definite, and hence g is a local minimizer near
a;.

Lemma 3.3. Suppose q is a stationary point in Rc, with
Cy>10,and ¢ = ATq has only one entry (; of magnitude
no smaller than 2p ||CH3 / H(fj||4 Then q is a local minimum
near a; and |{q, Ps [a])| > 1 — 2c,k =2 with ¢, = 1/C,.

Proof. Suppose ¢ has only one big entry (;, and other
entries are bounded by 25; /o

Iy =¢+> ¢ (57)
J#l
<G max (Y ¢ (58)
J#L o
2 6
<chy el (59)
€14

with ||CH2 > O, uk? ||CH§, and for simplicity let ¢, =
1/C,, we have

¢l

—4 C 4.
i< ) Il

G el - > (1—4¢2 (60)
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On the other hand, we also have

9 2
P < <\/071+ g) 61)
l
3 6
||C||4 Apllclls 4P €l
< 5 3 (62)
||az||2 llaill €11 [[q]
< ||C||4 (1+4C —2+402 —4). (63)
||a1||2
Combining above two inequalities, we have
1 4 . —2 4 2 .—4 4
o ttien AT G (e
1 —deik laill5
thus the local minimum gq is close to a;:
(g an)| _ /1 —4cis? —2
> >1-2 . 65
laill, = 142ck=2 — o (65)

Next, we need to verify that the Riemannian Hessian
at g is positive definite, recall that

Hess i (q) = — Py [3A diag(¢)AT — ¢[1 ] Py
(66)
Let v be a unit vector such that v L g, then
vT Hess ¢ (q) v (67)
= —v" (34 diag(¢*) AT — [[¢|[}T) v (68)
=I¢]l; —3v" A diag(C°2)AT (69)
= [¢l; = 3lanv)* ¢ =3 {a;,v)? ¢ (70)
1#£l

> ||C|\i—3<az,'v>2<?—3313543- (71)

The last inequality is due to 3, ; (ai, v)? < HAT'uH; =
1. Since v L g and (; is the only entry with nontrivial
magnitude, then derive from (65):

206,
w0 el (vaie ) oo
< 2¢, ||al||2'(1+2c*) o (73)
2
< 26, (1+262)" €3 (74)
and

48 42 |ClS  act|i
myp < A2 < WPIEIS ARV g,

# «@ €114 [
(75)
Hence, the 1nequahty vT Hess o (q) v >

(1 —6c, — 36¢2 — 24¢3) ||¢]|; holds for any v satisfying
v L q, thus implies positive curvature along any tangent
direction at such stationary point g when C, > 10.

O

The lemma says if q is a stationary point in R¢,
and q is only close to one column a;, then q is a local
minimizer and satisfies |(q, Ps [a;])| > 1 — 2¢,x 2 with

ey = 1/C,.

3.2.3 Saddle Points

At last, if ¢ € R, (Cy > 10) is a stationary point and
vector ¢ has more than one nontrivial entry. Denote
any two nontrivial entries of ¢ with (; and (s, then we
can prove that the Riemannian Hessian Hess ¢ (¢) has
negative curvature in the span of a; and a;/, hence g is a
saddle point.

Lemma 3.4. Suppose q is a stationary point in Rc, with
C, > 10, and ¢ = ATq has at least two entries (; and
G with magnitude > 2 ||CH§ / HCH:, then the Riemannian
Hessian at q has at least one negative eigenvalue and q is a
saddle point.

Proof. Suppose ¢ has at least two big entries (; and ¢/
satisfying

2
G > (\/aﬁ - 2075;) (76)

3 6
||C||4 CApliclls AP Il
5 5 (77)
||az||2 €15 llall, <1y
¢y Auliclls
ladly M€l lladl,
and (p likewise. Since the nontrivial entry (; = (ay, q),

and again let ¢, = 1/C,, it is easy to show that the norm
of a, is sufficiently large:

2 2
a5 > ¢ > (\/071— O%) (79)
4
> (1-26,)? ||C'||42 (80)
a5

2( ) 02/3114/ ”CHS’ (81)

Hale
or
larlly > (1= )2 Cou O ¢)2. ©2)
Similar result holds for |la; ||,, therefore
p el el @)
ladly llavll, = c3 ¢l — c?i¢)2

Now we are ready to show there exists a unit vector v
such that v € span(a;,a;/) and v L g, and the Hessian
has negative curvature along such v:

vT Hess o(q)v
= —3vT Adiag(¢*)ATv + ||CH;1 (84)
< -30" (afal +arGial)v+Cli @)

< -3 ’<al,
all,

3
Ap]I€lls
2
1€11%

1 4
<3 (1 - 7) el
ladly arl, ) 1<

2 ay 2 4
0| + ]<v>\ <l
>‘ ||al’||2 4

- (lally + lavlly) + €] (86)
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4 3
Bl gy, + llar 1) + e )
TE
< (—2+11e) ¢y - (88)

The third inequality is implied by Lemma A.3, and the
final upper bound for v” Hess ¢(q)v is negative when
C, > 10.

O

This lemma says if the stationary point g has large
inner product with any two columns a; and a;/, then
this g is a saddle point and the objective value decreases
along the direction that breaks symmetry between a;
and ay. The saddle point g can be seen as resulting from
the competition between the two target solutions a; and
aj.

4 LARGE SAMPLE CONCENTRATION

In this section, we argue that the geometric characteristics
of 1 (q) are similar to those of ¢ (q), by demonstrating
that the critical points of the finite sample objective
function 1(q) are similar to those of the asymptotic
objective function ¢(q):

e Critical points are close. The Riemannian gra-
dient (Lemma 4.2) and Hessian (Lemma 4.3)
concentrate, such that there is a bijection between
critical points q,, of ¢ and critical points g, of v,
with ||g, — qy ||, small.

e Curvature is preserved. The Riemannian Hessian
(Lemma 4.3) concentrates, such that Hess[¢)](qts)
has a negative eigenvalue if and only if
Hess[p](gpop) has a negative eigenvalue, and
Hess[v](qss) is positive definite if and only if
Hess[p](gpop) is positive definite.

This implies that every local minimizer of the finite
sample objective function is close to a preconditioned
shift-truncation (Lemma 4.1).

Lemma 4.1. If the following inequalities hold

grad(v] (q) — > gradlel(a)|
3c,e 1 —
2/@; Om?2 H H (89)
Hess[i] (a) — > ") Hess(] (a)
< 3(1 =6, — 36c2 — 24c?) qu (90)

forall ¢ € Rac, with Cy > 10 and ¢, = 1/C,, then any
local minimum @ of v (q) in Rac, satisfies |(@, Ps [ai])| >
1 — 2¢,k~2 for some index I.

Proof. Please refer to Appendix B. O

The Riemannian gradient and Hessian of the finite
sample objective function v (g) have similar expressions
as those of the asymptotic objective function ¢(q).

9
Letn =YT (YYT) "/?qc ™1 Then

1 -2 |t
v@ =y (vryr) el e

m 4

1 4

= 92
I ©2)

we calculate the Euclidean gradient and Hessian of the
objective function

1

Vo (@)= (vv7) Ty,

Vi (q) = (YY)

(93)
T2y diag(n°) YT (YYT>7
(94)

Similarly, the Riemannian gradient and Hessian have the
form

grad[y] (q)
= gt [VQ/J (Q)] (95)
—1/2
= Loy Py L, (%)
Hess[¢] (q)
= P [V (q) — (Vi (q) ,q) I] Pye 97)
3 T2 02T o\ 12
— qL[E (yy?) Ty diagn)y” (YY)
- i} ] (98)

Since Y = Ay X, we can see that the Riemannian
gradient and Hessian are (complicated) functions of the
random circulant matrix X. Although the entries of the
vector g are probabilistically independent, the entries
of X are dependent random variables. To remove the
dependence within the random circulant matrix X, we
break X into submatrices Xi, ..., Xor_1 that
99)

Xi = I::L‘i, wi+(2k71)7 NN 7mi+(m72k71)] .

Each of which is (marginally) distributed as a (2k — 1) x
sp ii.d. BG(#) random matrix. Indeed, there exists a
permutation IT such that

XoIl = [X1, Xo, -+, Xog—1]. (100)

A detailed analysis of Riemannian gradient and Hessian
(see Appendix E and Appendix F in the Appendix)
allows us to control the finite sample fluctuations of the
Riemannian gradient and Hessian in terms of analogous
quantities for each X;. Because the X; are i.i.d., they are
amenable to standard tools from measure concentration.
Taking a union bound over ¢, we show that the Rieman-
nian gradient (Lemma 4.2) and Hessian (Lemma 4.3)
concentrate as desired:

Lemma 4.2. Suppose g ~i.i.q. BG (8) € R™. There exists
positive constant C' that whenever

min § (20, 1) ", k2k2
m > C { 5 }n8k4 log® (kk),
(1-0)" o2

min

(101)
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and 0 > 1/k, then with probability no smaller than
1—exp(—k)— 62 (1 — 0)° k~* — 2exp (—0k) — 48k~7 —
48m > — 24k exp (71}1—4 min {k:, 3V Hm}),

6
3(1-0) 1-0[|Aq],
grad[¢] (q) — “omZ grad[] (q) , < CWT’
A (102)
holds for all q € Rac, with ¢ < 3/(2C,) < 3.
Proof. Please refer to section E. O

Lemma 4.3. Suppose € ~ii.d. BG (0). There exists positive
constant C' that whenever

min{(QC*ufiz)_4/3, kz}
(1-6)%02

and 6 > 1/k, then with probability no smaller than
1—exp(—k)— 62 (1 —0)° k=% —2exp (—0k) — 48k~ 7 —
48m > — 24k exp (—ﬁ min {k7 3V Gm}),

m > C

kOk*log® (kk), (103)

3(1—6)

1-6
Om?2 se

2
9 om

|a7a],.
(104)

holds for all q € 7@20* with positive constant ¢ < 0.048 <
3(1—6c, — 36¢2 — 24¢2).

HHess[w] (q) — Hess[y] (q)

Proof. Please refer to section F. O

5 EXPERIMENTS
5.1

Our results are stated in terms of several parameters,
including the minimum singular value o,;, of Ay, the
condition number k of A, and the column coherence
of A. In Figure 3, we demonstrate the typical values of
Omin, K, and p for generic unit-norm kernels of varying
dimension k& = 10, 20, - - - , 1000.

From this figure, for a generic unit-norm kernel, we
have following estimates:

Properties of a Random Kernel

Tmin 2 log ™" (k). (105)
ke~ log*? (k) (106)
== /log (k) /k. (107)

On the other hand, if the kernel a is bandpass, omin is
smaller and «, p are larger. In this situation, our results
require more observations m and smaller sparsity rate 6.

5.2 Recovery Accuracy of Local Minima

We next investigate the performance of Algorithm 1
under varying settings. We define the recovery error
as err 1 — max, |(a@, Ps [t},s-]ao]])|, and calculate
the average error from 50 independent experiments. In
Figure 4, the left figure plots the average error when
we fix the kernel size kK = 50, and vary the dimension

10

m and the sparsity 6 of xo.” The right figure plots the
average error when we vary the dimensions &, m of both
convolution signals, and set the sparsity as § = k~2/3,

This figure agrees with the theory developed in this
paper: when the activation coefficient xg is long and
sparse (large m and small ), the algorithm obtains a
closer estimate of a shift-truncation of the ground truth.

5.3 Recovery Accuracy of the Ground Truth Kernel

In this section, we provide experiment results for the
recovery of the ground truth kernel obtained by the
annealing algorithm proposed in [ZLK*17]. The an-
nealing algorithm recovers the ground truth kernel by
minimizing the Lasso cost in (7), initialized at the zero-
padded shift truncated kernel rendered from Algorithm 1.
The recovery accuracy presented in Figure 6 is measured
as err = min, Hd(ﬂ + s.[ag] H . Here, @) denotes the
local minimum in the lifted op%cimization space.

For comparison, we also present experiment results of
the algorithm proposed by [ZLK " 17], which is composed
of solving two Lasso minimization problems over the
original sphere and lifted sphere respectively.

In terms of the recovery accuracy of the ground truth
kernel, Algorithm 1 proposed in this paper achieves bet-
ter recovery for sparser and longer observations, while
the [ZLK"17] manifests slight advantages when the
observations is limited. As the optimization landscape
studied in [ZLK ™ 17] varies with different choice of spar-
sity parameter J, it is possible that experiment results for
[ZLK"17] could be improved. On the other hand, only
empirical knowledge about the choice of A is available
while there is little disciplined understanding. In contrast,
Algorithm 1 does not depend on any parameter tuning
and guarantees recovery once the working conditions
are met.

6 CONCLUSION

At last, we would love to provide some comments about
the results and proof strategy presented in this paper,
and to discuss the possibility of some future directions.

This paper casts the sparse blind deconvolution
problem as finding a sparse vector near a subspace and
studies its optimization landscape. We prove that the
geometric property that any local solution is close to a shift-
truncation of the ground truth kernel holds on a sub-level
set of the sphere. This holds even when the observation
contains densely overlapping copies of the true kernel. In
addition, we propose a simple initialization scheme that
any proceeding descent algorithm escapes strict saddles
can recover the local minimum.

The current proof strategy presented in this paper
depends heavily on an accurate estimation of the sta-
tionary point, which is only attainable in part of the

9. Note that the z-axis is indexed with overlapping ratio & - 6,
which indicates how many times the kernel aq present in a k-length
window of y on average.
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Fig. 5: Recovery Error of the Ground Truth
Kernel with Algorithm 1 finding a shift
truncated kernel and the annealing Lasso
problem recovering the ground truth kernel.

sphere, which also sets the sparsity level of the proposed
algorithm. It would be exciting if a novel proof strategy
could be developed to show a global result, which would
potentially solve several other important nonconvex
problems, including over-complete dictionary learning,
tensor decomposition.

APPENDIX

In the appendix, Appendix A contains some basic
lemmas for quantities used repeatedly; Appendix B
presents the proofs of the main theorem and corollary
of this paper. Appendix C and Appendix D proves for
lemmas around the initialization point ginit and the pre-
conditioning term YTY (or Al Ay) respectively. Finite

Fig. 6: Recovery Error of the Ground Truth
Kernel by minimizing the Lasso objective
function recovering both the shift truncated
kernel as well as the ground truth kernel.

sample concentration for the Riemannian gradient and
Hessian are presented in Appendix E and Appendix F
respectively.

APPENDIX A
BAsICS

Lemma A.1 (Expectation of the Approximate Objective
Function). Assuming xo ~i;.q. BG () € R™, then

J

~swit 0 faral. <o el

B [ 17 ()

(108)

Proof. Let g € R?**~! be a standard random Gaussian
vector and P; be the projection operator onto Bernoulli
vector I ~ Ber(f) Then any column x; € R?*~! of X, is
equal in distribution to ®; = Prg with g ~j;.q. N(0,1).

1 ~1/2 |4
Ewo |:m HYT (A()Ag) q 4:|

_ %EIEQ HqTAXoHi (109)
= E/E, HqTAa:i j (110)
= E/E, (qTAPIg)4 (111)
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Omin 7/
05 _Jmin 140 0 —H 1/
—Iog'1k (log k/k)
Fig. 7: Average of Parameters omin, &, and p of a band-pass unit norm kernel ao over 50 independent trials,
as a function of dimension k.
T T \? df — d2f () — ’g H
=3E; (q AP/A q) (112) £ (—=va) = —2a, and &% (2') = =32’ is positive for
x’ < —y/a. Hence, convexity gives that
4 2 2
=3E; (Y (anq)" + D (a;,q) (aj,q)" | (113) f(—va-2)
iel {i#j}el df
4 4 > f(— 2 (= -
=30(1-0)||a"q| +30%||a7q| (114) > f(=Va) + 5 (=Va) x (=28/a)  (124)
. = =B+ (=2a) x (=26/a) (125)
=358 > 0. (126)

Lemma A.2 (Root Estimation for Cubic Gradient Func-
tion). Consider an equation of the form

fl@)=z(a—2%) =0,

with a > 0. Suppose that B < +a3/2. Then f (z) = 0 has
three solutions, =1, x2, T3 satisfying

max {|z1 — val, |z2 +Val, ||} < %

Proof. Suppose first that 3 > 0. Then f (0) < 0. More-

(115)

(116)

over,
F(2) =28-86%/a" - 3 (117)

=B (1—85%/a%) (118)

> 0. (119)

Hence, f has at least one root in the interval [0, %}
Similarly, notice that f (/o) < 0 and that

f(Va-2)

= o/? 28— (Va-28/a)’ - 8 (120)
=a’? - 38— a? + 68— 128%/a®? + 887 Jo®

(121)

123 82
=ﬂ<3—a3—/ﬁ2+%> (122)
> 0. (123)

Thus, there is at least one root in the inter-
val [\/‘, %,\/a}. Finally, note that f(—v/a) < 0,
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Under this condition, there is at least one root in the
interval, [—v/a — 28/a, —y/a]. These three intervals do
not overlap, as long as % <Va,orff< ia3/2.

In the case that 8 < 0, a symmetric argument applies.
Thus there are exactly three solutions to equation (115)

in the specified intervals. O

Lemma A.3. Let a; and ap be two nonzero vectors with
inner product py 0 = {aj,ay). Then for any unit vector
v € span (a;, ay ),

‘)

(e + e
e NP/
faully Jarll,’

Proof. Let u and u™ be two orthogonal unit vectors, such
that

2
>1-

|Nl,z'|
ladl, lav||,
(127

a; = ||ail, u, (128)
2
’7 u ’
ar = 0w e} - 5wt (129)
lall adll
Sup&)lcl)/se v = au + bul with a? + b2 = 1. Let Lrel =

—ra——, then we can expand the quantity of interests
llaill;llay I,
as

ap

(e + Koo
-,V —, v
faull, fall,’

= ‘<u,au + bul>)2

+ ‘<urelu + /1= p2 ut, au+ bul>

2
(130)
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2
— a2+ ( afiret + b /1 _ Mil) (131) where w; is the [-th (discrete) Fourier basis vector
[1 R 1)2;’3}T, 1=0,--,m—1,
=a® +b* + (a® — b%) iy + 2abpeery/1 — 42, (132) (146)

T .. . . . )
- 9 9 9 > and j is the imaginary unit. With moment control
=1+ [a® —b% 2ab] {“ veb> Hre1\/ 1 = “rol] (133) " Bernstein inequality, we obtain

Since [a? — b2, 2ab] is a unit vector, then above equation 12
: ) 1 (I, wi) > 1 p(

is lower bounded by _29||w;||§ + 2 ||wy]| o t

t2
_ 2 /1 _ 2
1 H |:/’L7‘el7 Hrery/ 1 :urel:| L < 2exp (—m) (147)
=1 |prei (134) together with the union bound,
g dmal (135) P[[|[Caylly = t] < mP[|[(z0, wi)| > ¢] (148)
||alH2||al'||2 £2
as claimed. O < 2mexp (_ 20m + 2t> ) (149)

Lemma A.4 (Nonzeros in a Bernoulli Vector). Let v ~iiq4. as claimed.
Ber (6) € R", then

Lemma A.7 (Norms of n and %). Suppose §
Xo XTI -1 < 1/(2k?), then wvectors =

Gn). (136) Hej’? 0 TO 1/2H2 - /(;) 7 —1/2 TI.
YT (YYT) "Tqandn=Y7T (mA AY) q satisfy

436\ [ 2k \'/?
e < (14220) () ol 150
m

2
2t+6
Proof. As ||v||, =vo + -+ vy,—1,and

Plllv|ly = (1 +1t)6On] < 2exp (

=6 <1, E|@w-0)°]=00-0)<0 37

ok \ 1/2
with Bernstein’s inequality, we obtain that 7] < <%> ol » (151)
Plllv[lg = (1 +1t)6n] 435\t 4k
6 K
g ig< (14 20) el a52)
<2exp| — 5 (138) ~ min
2(0 —0%)n+ 5ton 7, <146/2, (153)
3t 4k35 [ 2k \ M/
<2 — 0 139 -7 —
< 2exp (5 0n) 039) -l (o) ol (154
. 4K38
as claimed. O I —ill, < (1+6/2) UI{, ' (155)
Lemma A.5 (Entry-wise Truncation of a Bernoulli Gaus- o
sian Vector). Suppose g ~ii.q. BG (0) € R™, then Proof. Since § = || 55- X0 X — I||,, then
P ||z, > t] < 20me /2. (140) 1 Xoll, < (6m)/* V146 (156)
1/2
Proof. A Bernoulli-Gaussian variable x = w - g satisfies < (6m) / (1+46/2). (157)

—1/2 —1/2

Pllz| >t =0-P[lg| > ] < 20e /2, 4 Asn = YT (YYT) g = XTAT (vYT) g,
together with Lemma D.3, we have

Taking a union bound over the m entries of &, we obtain

—-1/2
T T
Pllaol > 0 <mpllel >4 sy |45 (¥¥T) " d]
—t?/2 ~1/2
< 20me""/2, (143) < H AT (YYT) a (158)
as claimed. O e 2 )
T T T
Lemma A.6 (Operator Norm of a Bernoulli Gaussian < HAO <(YY ) N (GonAO) ) q )
Circulant Matrix). Let C,, € R™*™ be the circulant —1/2
matrix generated from xo ~;i;.q. BG (0) € R™, then + HAOT HonAE) q (159)
2
P[||Cy,ll, > ] < 2mexp (_"Q) (144) < (6m)” 1/2 4r%9 22 g+ 0m 1/2HATqH
ofiz =" = 20m + 2t = )
Proof. The operator norm of a circulant matrix is ‘ (160)
—1/2 4/135
Caoll, = mlax|($0,w[)|, (145) < (0m) 1+ . (161)
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Norms of 7). Since || Xoe;|, <
have

max

Il = masx

—1/2
<Xoel,A0T (YYT) /q> (162)

AT (YYT)A/ “dl 63

< max | Xoer

2

< V2k ||| - (Om) "2 (1 + 4“35) . (164)

Omin

At the same time, plugging in ||n||, = 1, we have
4

4K36 4k2
Il < Wl e < (14 550 ) 2 ol
(165)
Norms of 7. Here, . = Y7 ((‘)mAOAg;)_l/2 =
XT AT (0mA AT)? g with
—1/2
HA{ (6ma0AT) qH
(oo}
—1/2
< HAOT (emAOAOT) q (166)
2
= (om)~"?, (167)
therefore
B 12
17l < max | Xoerl | Ao (6mA0AT) " af
2]€ 1/2
< (£ 168
(7)) lmolc. (168)
—1/2
Il < | X7, | 40 (m o) " q
2 2
<1+6/2. (169)
Norms of 1) — 7). With similar reasoning, we can obtain
I — 7l
—1/2 —-1/2
- \yf (vy?) " q-v7 (omaoal) qH
—1/2
< ([ Xoedl; (0m) 7 x
1 71/2 1/2
‘Ag <%YYT) — AT (AOAT) (170)
2
4k38 [ 26\ /2
< — 1 ol (171)
Omin om
and
[ — 7l
—1/2
< || Xoll, (0m) ™" |qll, x
1 —1/2 -1/2
HAOT <%YYT) ~ A7 (A,A7) (172)
2
10 4K36
< (Om) 2 —— || X0l (173)
s
< (1+6/2) — (174)
completing the proof. O

V2k — 1] Xoe|| ., we

APPENDIX B
PROOF OF THE MAIN THEOREM AND COROL-
LARY

B.1 Proof of the Main Theorem

2

Lemma B.1. If following inequalities hold
3 w1 —
‘ H ‘ (175)

Jaatvl @ - 42 gradlel @)
- 2/{2 9m2
[tess(v] (@) -

307 esslg] ()

< 3(1—6c, — 36c — 24c?)

2

4
qH4. (176)

forall q € Rac, with C, > 10 and ¢, = 1/C, then any
local minimum q of v (q) in Roc, satisfies (@, Ps [a;])| >

1 — 2¢,k~2 for some index I.
Proof. Let
e = eradt] (@) ~ 20D raalgl (@), (177)
and o2
Ograd = m‘sgrady (178)
then at any stationary point of ¢ (q), we have
0= A7 grad[y] (q) (179)
= %AT grad[] (@) + A" Ograa.  (180)

Hence for any index i, following equality always holds

2 4 N
0=llaill; ¢+ (aia;) ¢ = GlICI; + (@i, 6graa)
i
0=C — ¢ ||CH4 Zj;ﬁi (a;,a;) CJB + (@i, 0grad)
Jail3 a2
~——
a; B;
(181)
with ¢ = AT q. Under the assumption that
3(1-0) 3¢, 1
grad(v] (q) — > gradlel (@) < 5%z G

(182)
the perturbed part can be bounded via

& 6
2% laill, €14

’<ai>5grad>| < ||ai||2 HSgradHQ <

(183)
and also
/ 3 1 -2 6
/ = 1
LA Yl SN R
Q; I<l4 4

Then by Lemma A.2, at every stationary point g, the i-th

entry of ¢ resides in the set U, c (o + a7} (% — Qﬁi %]
—i.e., ¢ is nearly a trinary vector.

5Tt
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Moreover, we can characterize the curvature of critical
points in terms of the number of large entries of ¢. Indeed,
whenever ¢ has at least two entries in

23! 28!
U [o-Zas 2
ze{t a7} @i @i

using (88), there exists a direction of strict negative
curvature, provided

3(1-6)

ess[y] (q) < —,—— Hess[¢] (q)
1-0
+3(2-1e) 5y IG5 (185)
Similarly, whenever ¢ has only one entry in
/ !
U [p-Zas
ze{t a7} @i @i
using (71), we have that Hess[¢](q) > 0, provided
3(1-6)
H ———H
ess[y] (q) = —p—5— Hess[¢] (q)
3 1—46
~3 (1 — 6, — 36¢% — 24¢3) YT sl
(186)

When C, > 10 and ¢, < 0.1, we have 2 — 11¢, > 1 —
6c, —36¢2 —24¢2 > 0.016, and so above characterization
obtains. O

Theorem B.2 (Main Result). Assume the observation
y € R™ is the cyclic convolution of ag € R* and
o ~iia. BG(0) € R™, where the convolution matrix
Ay € RF>CE=1) pas minimum singular value oy > 0 and
condition number k > 1, and A has column coherence p. If

min{(2C’*u)_1 K
(1-6)%02

min

2k2}
KBE*log® (kk) (187)

m =

and 0 > logk/k, then with probability no smaller than
1—exp(—k)—6%(1 9)2k‘ —2exp (—0k) —48k~7 —
48m~5 — 24k exp ( 147 in {k 3v0 }), any local min-

imum @ of 1 in Rac, satzsﬁes @, Ps[a.])| > 1—cuk?
for some integer T.

Proof. From the concentration analysis for the Rieman-
nian gradient (Lemma 4.2) and Hessian (Lemma 4.3),

if
min{(2C’*u)_1,l-@2k2} e 41 3
m k°k*log” (kk), (188
> 0702, g” (rk), (188)
then  with  probability no  smaller than
1 — exp(— k;) — 02(1—-0)°k* — 2exp(—0k) —
24kexp( mm{k 30 }) — 48k~T — 48m~5,
3(1-196)
Jevaatv] (@) = 2" eradiel(a)|
3c 1= 0 o |6
< 2
< g g |47l 18
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[pessiv] @) - 220 el <q> 2
< 3 (1 — 6e, — 362 — 24c?) qH (190)

hold for all g € 7%2(;* with C* > 10 and ¢, = 1/C,.
Therefore, by Lemma 4.1 any local minimum § of ¢ (q)
in Roc, satisfies |(q, Ps[ai])| > 1 — 2¢,x~2 for some
index . O

B.2 Proof of the Main Corollary

Corollary B.3. Suppose the ground truth kernel aq has
preconditioned shift coherence 0 < p < L-log™ 3/2 (k)
and sparse coefficient xo ~i;.q. BG () € R™. there exist
positive constants C' > 2560% and C’ such that whenever the
sparsity level

64k ' logk < 0 < min { ;L 2k log ? &, (191)

(4 — S19%) (3C.um?) /" k71 (14 3642k 10g k) ),

and signal length

m > max {C0%c 2 kK> (1+36u2klogk) log (kk),

(192)

(1 min {p ", K2k} K8k log? (kk) },
then Algorithm 1 recovers @ such that

@ =+ Ps [ers-[ao]]ll, < 4v/ex + k™ (193)

[—(k—1),k—1] with

m

- 0)_2 o2

min

for some integer shift T €

probability no smaller than 1 — k=% — 8k=2 —
exp(—k) — 2(1—-60°%k* — 2exp(—0k) —
24k exp ( 177 Min {k 36 }) — 48k™T — 48m 5.

Proof. From the concentration results for the Riemannian
gradient, at every point g € Ryc,, the objective value of
1 (q) satisfies

3(1-0) 3
’¢(Q) - W@(Q) e
HYT(YYT)*”%,-,H4 4
3 L B0-0)Cl 3
- 4m 40m? 4m?
(194)
—12 o3
(YYT) "vYnq 3(1—-0) .5 3
< — ACP— 2
- <q, 4m 40m?2 ¢ am2?
(195)
—1/2<, o
_xryn Pyn 3—3(1_0)AC°3— 5
- 4m 40m? 4m? )
(196)
1 “1/2 “1/2
< 4mH (YYT) Yoo (emAOAOT) Y73
2
1 —1/2
+————||(A0A] Y (n° — 7%
401/2m3/2 ( 0) ( ) )

+ | s (40a?)” Ty
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3(1-10) 3
e Sy ot B 197) Wwe have
46m? ¢ 4m2qH2 (197)
— 6 1/2
< 3¢, 16 min HATqH (198) YYT / _
8k2 Om? 4€Rac, 4 q
with probability no smaller than 1 — 2exp (—6k) — . a;
24k exp (kg min { &, 3v/0m | ) — 48k~ — 48m~°. The ( ) |az||2 2(1’<q, ||ai||2>D‘S
last inequality is derived with similar arguments in (210)
Lemma 4.2, for simplicity, we do not present them 12 . _
here. Moreover, with Lemma C.1, we can obtain an — 4 (YY ) (AOAUT)A/Q LiS—(k—i)|@0]
initialization point gini; such that om la;ll,

HA qlnlt

1/2
> (30, ux?)*? (199) + 2(1—'<, @i >D (YYT> 5 (211)
il om

> (20,2 + /2. (200)

Consider any descent method for 1), which generates a
sequence of iterates q(o) = Qinit» q(l)7 S ,q(k'), ... such
that ¢)(q*)) is non-increasing with k. Then

therefore the error can be bounded as

1/2 " —
H(YYT) / s [a)

¥ (™) <9 (@) o1 ladll, |,
3(1-90) YYT 1/2 -1/2 Lis_(n_nlaog
S oz ¥ (Ginit) + Im2 H AoAOT) B 1| it GO |((l;”)[ )
3¢, 1 -0 6 2 2 2
302 B2 min HATqH4 . (202) a yyT /2
P A2-[emp) |(5r) ], @
On the other hand, the finite sample objective function @ill2 m 2

value 1 is close to that of 3(917”29) ¢(q) — 4

Tz
3(1 —29)()0 (q(k))

Om

Finally, using the fact that for any nonzero vectors u
and v that (u,v) >0,

V2

3 3c,1-96 6 H o a
(k) * T - e =l 213)
< (q )Jr 4m?2 t 82 8k2 0m2 qeleznc HA qH4 eallz | 2 ek 2
(?03) always holds. Therefore,
3(1—0) 3c, 1-0 r_||°
< — ¢ (qnit) + 55— min HA q‘ ’ ag
om. 4k 0m? gerye, ?204) @ £ Ps [ersi[ao]]ll,
1/2
- B G
Therefore, we obtain that ‘ P {(YY ) q} £ Ps lusilaol] 2 0
1/2 X ~
o (q(k)) < (Qinit) + g (205) < \/EHGJZJ} <YYT> g+ M
Cy AT 206 ~ legsi—rlaolll, |\ Om lailly |,
- . O
< o (qinit) + ype qén{i ’ (206) (215)

Tozl) e
||ai||2

1/2

() ()1

which implies that ¢'¥) € Ryc, always holds. At last, < KJ\/ 2(149) (1
Theorem B.2 says that any local minimum 4 is close to
+a; for some i, in the sense that

+V2k

(@, Pslai)l = 1 — e, (207) 2
Write ﬁYYT = Ao (I—|— A) Ag with HA||2 <9, < 2K4(2 (1 — ’< 5, 2 >‘) + \[KSCS/O'mm (217)
and let "|a z||2
a a (Lemma D.2)
j=+——2 4 2(1—’<,1>D5, 208
T © Tl B0 e 4 10vaRh R log mm @18)
with ||8]|, = 1. Since <4y, + ek (219)
\—1/2 .
a; = ( ApAy ) LS —(k—i) @0, (209)  completing the proof. O
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APPENDIX C

INITIALIZATION

Lemma C.1. Suppose o ~ii.q. BG (6) € R™. There exists
a positive constant C' > 2560% such that whenever

m > C0%0,2 k%3 (1+ 36p2klog k) log (i /0min)
(220)
and the sparsity rate
64k ' logk < 0 < min { ;> u 2k log? k, (221)

(3 — 819 (3C,us?) "2 k' (14 36p%klog k) - 1,

then the initialization qinix = Ps [(YYT)fl/ 2 yi] satisfies

AT . 6 > 30 2
qinit 4= 3 *MH 9 (222)

namely qinit S 7%30*, with probability no smaller than

1 — k7t Sk:_2 — 2exp (—0k) — 48k~7 — 48m =5 —
24k exp ( T4z Min {k 3V })
Proof. Since
0° 61.3 2 4
m > C——k"k’ (1 + 36p°klogk) log (kk/omin),

O min

(223)

then from Lemma D.1, with probabili no smaller
than 1—2 exp (—6k)—24k exp ( Ta3 in fl; 3v0 })

48k~—7 — 48m =5, we obtain
1
5= HXOXOT —1I (224)
Om 9
< 104/klogm/m (225)
10Umin
< 5 X
0r3k (1 + 36u2klogk)
CrSk3(1+36u2k log k)*
log ( O in 10g (Umm )) (226)
Clog (kk/omin)
2 min
0o (227)

= CVY49k3k (1 4 36p2k log k)
as long as C' > 1000. The last inequality holds because

Coy2 k%3 (1+ 36p2klog k) log (1 0amin)

< 374 (mk/amin) log® (kk/omin) (228)
< 374C (kk/omin) " (229)
or
log (Cn6k3(1t326.p‘2klog k)4 10g ((Tmm ))
C].Og (K’k/o—min)
4 .
< log (374C") + 121og (kk/0min) (230)
C'log (kk/omin)
log 2 12
231
VClog (kk /0 min) (@31)
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2
< cit (k>2,C2>16) (232)
Moreover, 2§ < 1/2 always holds provided
40 ’
> 5| - (233)
0k (1 + 36p2klog k)

Notice that because 6 is lower bounded by clogk/k,
the right hand side is indeed bounded by an absolute
constant. A

Set Cinit = AT qinit and Cinie = Ps [AT Az;]. Then

using for any nonzero vectors u and v,

2
i = | < el @
lull,  vllally, ~ vl
we have that
)Cinit _Cinit 9
—1/2
— || ATPs {(YYT) Aomi] —Ps [ATAwl}
2
(235)
. AT( 1 YYT)71/2 A():Bi 14TAL£EZ (236)
a H LyyT) 1/2AoaziH AT Az,
2 2
9 1 —1/2
||A5'31||2 2
1 - —1/2 /2
SQHAOHQ <%YY ) - (A0A0> ,
(238)
8K34
< t , (239)
Omin

where we have used Lemma D.3 in the final bound.
Since |||} is convex, ||Cinit||3 can be lower bounded
via

4 . .
||Cinit||i > ‘ Ginit Wt 4 <Cion?;t7 Ginit — Cinit> (240)
4 .
> ‘ Cinit W 4 ) Cinit — Ginit ) (241)
A 4 2638
2 || Ginit sn . (242)
4 Omin

Let I = supp (z;), then the vector Cinit = Ps [AT Ax;] is
composed of || large components and small components
on the off-support 1€ of x;.

C.0.0.1 Dense Component of élmt Note
that H(ATA)IC].’I} < ||offdiag (AT A) x;]|, with
|offdiag (AT A)||_ < p. We have

E [offdiag (ATA) mi] -0 (243)

E Ue;‘r offdiag (ATA) x;

2} =40 He;‘-r offdiag (ATA) Hz

< 120k (244)
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With Bernstein’s Inequality, the summation of moment- ‘
bounded independent random variables can be con- <SP Esupp N ﬂé‘j (257)
trolled via J
P Her offdiag (ATA) wl‘ > ,ut} < 2exp ,L U UEC (258)
J - - 20k + 2t Esupp

(245)

and via union bound bupp + Z P 5 < (259)
2 tQ
< —0k) + 4k —-— . 2
(246) < exp(=0k) + 4k exp ( 20k + Qt) (260)

. 2 _ .
Therefore, setting t° = 90k log k, we obtain Therefore, by setting t2 = 90k log k, we obtain

Hoffdiag (ATA) ©; z <1820k logk  (247)

2
< 36p%0°k*logk  (261)
2

offdiag (ATA> T

with failure probability bounded by

with probability no smaller than 1 — exp (—0k) — 8k 2.
4k exp <_ 90k log k > Therefore, with probability no smaller than 1 — k=1 —
20k + 24/90k log k 8k=2 — exp (—0k),
2
dosp [ - 9log k (248) Hdiag (ATA) @i, = 0k —2/Bklogk  (262)
2+ 6y (k) logh ffd (ATA) : 202k2logk  (263)
_ oftfdiag z;|| < 36u og 263
< 4k? (249) i,
The last mequahty is derived under the assumption and via Cauchy-Schwarz inequality, we obtain
(Gk) logk < &1 . 2
C.0.0.2 Splky Component of finit: On the other H (A A) 1.1 L 9 (264)
hand, 2
. T , . T ,
‘ diag (A A) x; + offdiag (A A)I,I x; , (265)

E Mdiag (ATA) ©; j - GHdiag (ATA)HQF (250)

9 2
= 0k. (251) = Hdiag (ATA) i, + ||offdiag (ATA) o x; ,
For diag (AT A) z;, applying the moment control Bern- +2{ diag ( AT A) x;, offdiag ( AT A) ;) (266)
stein Inequality, we have v "

P HHdiag (ATA) x; r ) = Hdiag (ATA> i z

Bl 2] <2e (-

20k + 2t
(252) -2 Hdiag (ATA) x;|| ||offdiag (ATA) x;
By setting ¢t = 21/0k log k, we obtain that with probabil- 2 LE 2
ity no smaller than 1 — k1, (267)
2 > 0k (1—21/(0k) " logk — 12u/0klogk ) (2
Hdiag (ATA) 2., = 0k —2/Bklogk.  (253) ( (6k) " log HvoR 08 ) (268)
) ) > 0k/2. (269)
Denote the following events for the entry-wise mag-
nitude The last equation is derived by plugging in
2
gj _ {\eJTOffdlag(ATA)wZ\ < //ft} , (254) (91{7) logk < 64’ 0k logk < 482 (270)
. under the assumption
and for the support size
64k loghk < 0 < ;L 2k log ™ k. (271)
Esupp = {llilly < 40k} . (255)
C.0.0.3 Lower Bound of ||-||3: & Since with proba—
On their intersection Egypp N ﬂ% &, we have bility no smaller than 1 — ( ATA)x; ||2
. . ) 36120k? log k obtains and the relatlve II H2 norm between
Hoffdlag(A A)rre; 9 S A0k ()" (256)  the flat entries to the spiky entries in AT Az; can be

The the failure probability can be bounded from the bounded as

union bound as H (ATA)

Hoffdlag ATA ) @i
(a7 4) I :

p Moﬁ’diag(ATA)u:ci z > 49k(ut>2} H(ATA)”%
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< 36u°klogh =r. (273)
Since
G, = [P [47 =] ) @74)
:HATila:ié <ATA)IC,1wi .
4
+M (ATA> e h (275)
4
- HATfllwié (ATA)I,I“’i \ (276)
[(ara), , « |7 [(a7a),, ]|
- ) 4 277)
|(AT4), @i+ (AT A),. =,
4
> m Ps |:<ATA)I,I .’Bz] \ (278)

and with high probability 1 — exp (—0k) according to

Lemma A4, Ps [(ATA) I wl} satisfies

4
1 1
T .
o[(a7), =], 2 fed, = 20@k—1) %7
Together, we have
A 4 32x%5
IGinielly > ’ Ginit ||, — —— (280)
4
T .
(14’ & [(A A)uxl} 4
4 —-1/4
- 640C 2 os1)
0k (1 + 3642k log k)
1 640 1
- 282
- (4 01/4) 0k (1 + 362k log k) (2a2)

holds with probability no smaller than 1 — k' —
8k~2 —2exp (—0k) — 24k exp ( 47 min {k;, 3V Hm}) -

48k=7 — 48m~5. To make sure \|Cinit||4 >
desired, we require the sparsity to satisfy

3C, uk? as

0 < (1 — 89 (3C,un?) Y k" (1+36p%klog k)

. (283)
then the initialization ginit € Rsc, follows by Defini-
tion 2.1. 0
APPENDIX D

PRECONDITIONING
Lemma D.1. Suppose xo ~iiq. BG(0) € R™, then

following inequality holds
< 104/klogm/m,
2

with probability no smaller than 1 — 2exp (—0k) —
24k exp (fﬁ min {k 3\/0m}) — 48k~T — 48m 5,

1
HXOXOT -1 (284)
Om

19
Proof. Since
1
HXOXOT -1 (285)
om 9

)

2

S ‘

which is bounded by § with probability no smaller than
1 — €4 — €, whenever the probability that each of the
terms is upper bounded by ¢/2 satisfies

. 1 T
P |||offdiag | — X0 Xy | — 1
Om

Diagonal of ;X X{. Note that diag (XoX{) =
o5 I, s0

We calculate the moment for each summand of ||:1:0||§
The summands can be seen as a x random variable but
populated with probability 6, whence

1
di — X XT) -1
1ag<0m 0 o>

1
+ ||offdiag <%X0X0T >

2

diag (%XOXOT> -1

25/2] <eq, (286)
2

> 5/2] < e, (287)
2

1
Om

, 1
diag <%X0Xg”) - IH2 = 2ol — 1‘ . (288)

Ez,~BC(0) [( ) } =0Ex, 2 [X]] (289)
F@+5
—9 290
r(d) 0
p
< 0p!§2) (291)
ZRpp—2 (292)

Apply Bernstein’s inequality for moment bounded ran-
dom variables (G.4) with R = 2,02 = 46, then

— -0 >t| < ).
| ol — 0] 2 o] < 2o (-7 ) @
By taking ¢ = 366, we obtain
H dlag( )—I 25/2]
2
Oms?
<2 294
= ( 32+85) (294)
1000k 1
000k logm (295)
32—|—80 klogm/m
< 2exp(— (296)

Off-diagonal of ;- X, X{". Note that offdiag (XoX{)
is a sub-circulant matrlx generated by

Tao = [Fao (2k —2) -+, 0, g (2k —2)]7 (297)
with rg, (1) = (xo,s-[xg]) for 7 = 1 2k — 2.
Equivalently, we can write

zo = RL o, (298)
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with

752k72[$0]] c R’mx(élk—?))'
(299)
Operator norm of a circulant matrix is given by the

following
1
<'Ul " om Tz >
3

00)

R,, = [5%72[330]7... ,0,---

= max
5 1=0,..4k—4

)

1

where v; is the [-th (discrete) Fourier basis vector

27mj T
ol(4k—4) 4kj3} (301)

27j
’Ul — |:]_7 el4k—3’... s

and j is the imaginary unit. Let vy, = v; 2k —2 —7) +
v; (2k — 2+ 7), then

2k—2
(V1,72) = Y V7 (@0, 57 [a0]) (302)
2Tki12 m—1
= vl xo (i) o ([ +7],,) - (303)
=1 1=0

By decoupling (Theorem 3.4.1 of [DIPG99]), the tail
probability of the weighted autocorrelation (v;, r5,) can
be upper bounded via

Pl[{v, 72,)] > 1]

2k—2

=P { Z vy,r (X0, S [To])| > t} (304)
= t

<6P [ 722:1 v1,7 (X0, 57 [xp])| > 5l (305)

where x(, ~ji4. BG(f) is an independent copy
of the random vector x. Plugging in (v,7y,) =

<Ul)1l;1;0x0> <13w0vla$0>'
> E:|
6 ’

1 1
P H<vl, 0mrw0>' > t] <6P H&m <Rm’0vl7w0>
(306)

Again with Bernstein’s inequality for moment bounded
random variable, we have

1
P Hem (R w1, x0)

S

2,2
<2exp | — m’t (307)
2||Rayvi, + 2 || Raywi| , mt
Control || Ry, vy,
| Raovilly < | Raoll3 0]l = k | Raso |3 (308)

With tail bound of the operator norm of a circulant matrix
in Lemma A.6, we have

P[|| Rz, lly > t] < 4mexp (— (309)

t2
20m + 2t)

20

Control || Ry v Hoo For a discrete Fourier basis v; as
defined, we have

ol = llvilly = 4k =3, il =1 (310)
Note that
|Rogvil = _max [(slzolw)l (1)

and moment control Bernstein inequality implies that

P{[{s7[ao], vi)| > ]

t2
<2exp | — 5 . (312)
20 loelly + 2 [vill o t

with union bound, we obtain

2k—2
Pll1Rayvillog = 1] < 3 Pll{sclwol vl 2 4] (313)
T=1 t2
< -
_4kexp( 89/€+2t) (314)
Therefore, by plugging in
IRy vil| , <t =10v/6klogk,  (315)
|’Rw6vl||2 <ty =5y/0mlogm, (316)
we obtain the following probabilities
P[|Rayor] > 1] <4k __h
w0 Otlloe = 1] = SEEPA TR0k 2t
< 4k~8, (317)
P[|[Rayll, > 1] <4 i
whlly = 2] = AP Tog ot
< 4m~5. (318)
Denoting event
E={||Roul| <ti|Rel, <t} (19

and combining these bounds with (306), we obtain

. 1 1
P { offdiag (%XOXOT> , > 5/2_
< 6P |ma i(R v:.;>>i (320)
=00 g VT P T0/ = 19
1 0]
< — / > —
< 12kP Hem (Rayvi,@0)| > 2] (321)
< 12kP [HRwéleoo > tl} + 12kP [HR:% 5 > tz}
1 d
12kP || — / > — | E 22
#1262 || (R, 20)| = 3 | B 22)
< kexp [ - IOOHkTQr(L)éOgm/MZL
500m log m + 55 kv/Omlog klogm

+ 12k (4k 7% + 4m %)
(tl = 10+/6klogk, to = 5/Omlog m)

< 24k exp (—714 min {k 3\/%}) 448k 4 48m =S
(324)

(323)
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At last, by combining the control for both the
diagonal and off-diagonal term, we obtain that
with probability no smaller than 1 — 2exp (—0k) —

24k exp ( 17z in {k; 3v0 }) — 48k~ — 48m 3,
1
— XoXI —1|| <104/k1 2
Hem 00 2— 0 kogm/m, (3 5)

holds and completes the proof. O

Lemma D.2. Suppose § = ”ﬁXOng — IH2 <1/ (2x?),

then

< 52 6/Umin .

(MYY) (AOAO) —I2

(326)

Proof. As in [Bha97], we denote the directional derivative
of f at direction A with

d

DF(M) (&) = 5| f(M+1A),

t=0

(327)

Denote symmetric matrix M = AyAl = UAUT,
with Apax and Apin being its maximum and minimum
eigenvalue. Then we have

1
— YY" =
om

We denote f(M) = M'/? and g(M) = M?, then
f = g~ ! Moreover, we denote derivative of f(M) with
D f(M). By differential calculus, we can obtain that

1 oor\? m-1/2
H(emYY ) (AOAO) I 2

~1/2

_ H (AOAUT + A)l/ ’ (AOAg”) .y (329)

2

H (AoAg)*l/z /;0 Df (AOAK + tA) (A)dt

2
(330)
< sup HDf (4047 +14) H A, (AOAT H
te[0,1]
(331)
< sup HD ¥ (AOAT n tA) H Amaxd/Omin (332)
te(0,1]
The directional derivative of g has following form
Dg(M)(X)=MX+ XM, (333)
and directional derivative Z = D f (M) (X)) satisfies
MZ+ZM =X. (334)

Denote M = UAUT with U orthogonal, then
without loss of generality, we have

AZ +ZA=X. (335)
Applying Theorem VII.2.3 of [Bha97], we have
1D f (M) (X))l
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= sup |[Z], (336)
1Xl,<1
< sup / He_AtXe_AtH dt (337)
X,<1/t=0 2
< sup / e~ 2rmint || X ||, dt (338)
X |l,<1/¢=0
and
o [0 (4047 )
te[0,1]
R
339
— 2 </\min - /\max(s) ( )
< 1/Amin. (340)
Therefore,
1 T Yz \ /2 2
— — < in-
<0mYY ) (AOAO) I < K20 /O amin
(341)
O
Lemma D.3. Suppose Ag has condition number « and
1
§=|-—XoXg —I| <1/(2x* 342
g Xoxi =1 <) o)
then
1 T 172 7\ /2 2
i — <
( -YY ) (AOAO) 2 42502, .
(343)
Proof. Suppose matrix M = AgAl = UAUT has

maximum and minimum eigenvalue Apax and Amin.
Then we have

—YYT

M+ A, (344)
Om

[Aly < Amax0.

Denote function f(M) = M~'/? and Df is the deriva-

tive of function f, then

—1/2
) (i)™
o (LS SREEES Vel (345)
< IIAHQ'Oiltlgl IDf (M + A, . (346)
In addition, we define function g(M) = M =2, h(M) =

M=, w(M)
tions hold

= M?, and following function composi-

f=g"

For differential function g and if Dg (f (
have

g=how. (347)

M)) # 0, we
Df (M) = [Dg(f (M))]".
The derivative of function ¢ satisfies the chain rule that

(M)) (Dw (M) .

(348)

Dg (M) = Dh (w (349)
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Plug in
Dh(M)(X)=-M"'XM™, (350)
Dw(M)(X)=MX + XM, (351)
we obtain that
Dg (M) (X) (352)
= Dh(w (M)) (Dw (M) (X)) (353)
= Dh(w(M))[MX + X M] (354)
= Dh (M?*) [MX + X M] (355)
=-M?*MX+XM|M? (356)
=—[M'XM?*+M?>XM']. (357)

Since the function g is differentiable and Dg(M) # O,
then

Df(M)=[Dg(f (M)
-1
oo
Hence, directional derivative Z = D f (M) (X)) satisfies
M'?ZM +MZM'? = -X. (360)

Denote M = UAUT with A = 0 and U orthogonal,
without loss of generality

(358)
(359)

AZAY? + AYV2ZA = —-X. (361)

Above equation can be reformulated as a Sylvester
equation as following

AV2Z 7 (—A1/2) — _ATV2XAY2 (362)
From Theorem VII.2.3 of [Bha97], when there are no
common eigenvalues of A2 and —A'/2, then there
exists a closed form solution for matrix Z that

Z= [ e A <7A*1/2XA*1/2) Mg (363)

t=0

Therefore, the operator norm of Df (M) can be
obtained as

|Df(M)(X)]l, = sup [Z], (364)
I X1, <1
< sup / H67A1/2t <A*1/2XA*1/2) €7A1/2t dt
X, <1/¢=0
(365)
< sup / ¢ Amint ‘A‘l/QXA‘l/QH dt (366)
1 X[l,<1/¢=0
X
< sup HZ—” (367)
1X11,<1 Amin
Therefore,
(M 4 A) M|
= p)
(Amin - ”A”Q)
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4[|Al
Sz (0=1/2) (369)
AN naxd
< 2 (370)
4Kk2%6
= . (371)
O
APPENDIX E

CONCENTRATION FOR GRADIENT (LEMMA 4.2)

Lemma E.1. Suppose xo ~iiq. BG(0). There exists a
positive constant C' such that whenever

min { (2C, p) "} k2k2 ok
C { }/4,8]64 10g3 ((1_9)0)

- (1-60)° 00,
(372)
and 0 > logk/k, then with probability no smaller
than 1 — crexp(—k) — cok™ — 2exp(—0k) —

24k exp (71}1—4 min {k, 3\/%}) — 48k™7 — 48m 5,

6
3(1-0) 1-0]|A"q|
grad[y] (q) — “om2 grad[p] (q) , < CWTZL
) (373)
holds for all q¢ € Rac, with positive constant ¢ < 3/ (2C,).
Proof. Denote n = YT (YYT)_l/2 q and 7 =
YT (0mA,AT) " ? g = (0m) "V XT¢, then
3(1-10)
grad [¢] (q) — — —5— grad [¢] (q)
om 9
— 1 \ /2 o3 3(1—0) o3
= HP {a (Yy7) " ye - act |

1
Si
m

—-1/2 . .
(YYT) Ynoj o (Gm)—l/Q AXOnOS

2

N

1 o —o
+ W ||AXOT] 3 AX()T] 3”2

Aj

1 —03 3(170) 03
91/2m?)/2AX077 T om2 AC¢

ol
2

Af

First, let us note that

C(1-0)"202 k"5 log? (aﬁk)

min 9) Omin

<C (’d“)wlog?’ (“7]“) (374)
- Omin (1 —0) (1 —0) omin
Klk 13
=C ((1 —9) ) G79)
hence
log® (€ (1 - 0) 02 w1k log® (1 - 0) " ok ) )

C'log® ((1 -9 a;iln/{k)

)
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3
log C'+ 131og ((1 -0t mmlik)
< ; (376)
C1/310g (1 - 0) " oty k)
3
1 1
< 0gC + 33 (377)
C1/31og ((1 —0)" I;llnnk‘) c
111 N
4
< G (379)
Given
min { (2C,p) ", k2k2
m > { 5 }/ngA log® ( rok ) ,
(1-6)"02,, Omin (1 —0)

‘ (380)
as the ratio log‘3 m/m decreases with increasing m, then

Crl0S Kk

—log” (=)

3
log® m < log ((1 0)%02

m C’log <(1_§)kgmm)
min {(ZC*M)_l ,,%QkQ} K8k4

<
C'2 min {(20*;1)_1 ,kaQ} K8kA

According to Lemma D.1, following inequality always

holds
1
HXOXOT —I|| <$§ (383)
om 9
< 104/klogm/m (384)
20 (1 — 0) opin max {(QC*M)1/2 ) (nkz)_l}
< (385)
CY4KAK3/2 logm
6
20O-mim (1 - 0) HATq||4 S
Vq € Roc, - 386
>~ 01/4/4/3 szlogm ’ qc 2C, ( )

with probability no smaller than 1 — g9 with ¢g =
2 exp ( 0k)+24k exp ( Ti7 in {k: 3vo }) +48k™ T+
48m 5. Moreover, 4x36 /0 min < 1/2 whenever

o> (160(1—0))4,

387
klogm (387)

whence § < 1/ (8x?), and Lemma D.3 implies that

1 . —1/2 . “1/2
(%YY ) Ao~ (40AT) T Ao 2
S 4Iisé/dmin (388)
6
80(1-0) [[ATq|, .
= Cl/4klogm K2 Vg € Rac, - (389)

At the same time,

1 Xolly < (6m)*VI+46 < (6m)"/* (1+5/2). (390)
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Moreover, Lemma A.5 implies that with probability no
smaller than 1 — 5, we have

||170|| <f10 1/2 <29m)

€B

(391)

Upper Bound for A{. Using Lemma A.7, on the an event
of probability at least 1 —eg — €5,

[m°%|, = IInll; (392)
4Kk36
<(1+ ) 2 a2, 099)
< LU (2«97171) . (394)
Om B

Therefore, we can obtain following upper bound

—1/2
M= ’(YYT) Yot — (om) % AXon®
m 2
(395)
1 s - ~1/2
< gy | Xall [l | (5 ¥YT) Ao 4
(396)
3
<5 AR Ok (2m -
4m Omin em B
6
900 (1 — 6) log (20m/ep) || AT q]|, .
= Cl/40m2 log m 2 Vq € Rac,
(398)

Upper Bound for Ag. Similarly, with probability no
smaller than 1 — ¢y — €p, together with Lemma A.7,
following upper bound can be obtained

In°* = 7%,

= ||n°® — diag (n°?) 7 + diag (n°?) 7 — 7°* |, (399)
< llm — 7l || diag (n°*) [, + 17l [[diag (n°* —°%) |,
(400)
_ 2 — o —0
= |ln = ll Inl% + 17l [7°* = 7°2] (401)
_ 2 _ _ _
< lm =l (Il + l1ally 7 = 7l (17 + 0l (402)
435 k
<4(1+6/2) 0 5 Jog (20m/ep) x
min 9m
4k30\ 4r30
(1+ n > +<2+ r )] (403)
Omin Omin
24k 4K38
< 5 log (26m/p) - me. (404)
Therefore, we can obtain following upper bound
— 03 —03
AY = m HAXO —AXJFY| @09)
1 o e
S 9,2 Al [ Xoll, H"7 3 — 3”2 (406)
5 24k 4Kk36
— - —log (26 407
o g 8OO/ T (407)
24001 -0 || AT log (26
CV/4 om? k2 logm

2
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. . _g | 4”4l —0|A%q|; .
‘ljvc;rsl‘;ct)th Af{ and A to be bounded by 5~ L < Cl¢9m29 I ,.@2qH4’ Vg € Rac., (422)
4
C > <48000*10g(29m/5-:3)> . (409) With probability larger than 1 — ¢; exp (—k) — cok™ —
logm ep — &g as desired. O

Tail Bound for Af. Note that
E.1 Proof of Lemma E.2

Lemma E.2. Suppose xg ~;ii.qa. BG (0) € R™. There exist

-1/2 ~1/2\ 3 positive constant C' such that whenever
= (40AT) " A0X, (YT (om A0 A7) q)

(AoAg)_l/2 Y73

(410) m > LQ min {(ZC’*M)_l ,/{2k2} k2k*log? (kk)

~ (-0
03
= (0m) " AX, (XTATq)", (411) , y (423)
and 0k > 1, then with probability no smaller than 1 —
and its expectation with respect to g crexp (—k) — cok™4,
1 T AT\ 03 ATql°
m 9 K

3
—E [Aaci (m?ATq) } (412) . o (424)
holds for all ¢ € Rac, with positive constant ¢ < 1/ (2C,).

2
=30(1—0) AL + 367 HATqH2 AATq (413)  Proof. Let ¥; € R?*~! be generated via

=30(1—0) AC*® + 36%q, (414) 5 T ||l < Band |z, < 46klogm
hence ‘1o else
| o ) (425)
P, [E |:EAXO (Xo A Q) H Let X, € R(Zk=1)xm d_enote the circulant submatrix
o3 generated by Zy. Then Xy = X obtains whenever
=P, [30(1—-0)AC*]. (415)
Theref he AZ be simolified 1) |lzoll,, < B, which happens with probability
erefore, the A term can be simplitied as no smaller than 1 — 20me=5"/2 according to
1 o3 3(1-0) . Lemma A.5;
g _ T =03 _ 03 y
Az = | Pgr | 01/2m3/2 AXo7 Om2 A } ) 2) |||, < 40k logm holds for any index i, apply-
(416) ing Lemma A.4 and Boole’s inequality we have
r T -\ 03
_ L |, [AX0(X0O) "y g Acog} E {10, s, >40% g |
6m? L m 2 < mP[||x]|, > 40k log m] (426)
417
i (xTe (417) < 2mexp (—260klogm) . (427)
< 1 P M ) []:| Denote
02m2 ||” 9 m
L : os = | X0 (xfa%q)"|. @
+ o5 | Par [392‘1]“2 (418) m 7
9 m 1 — ST T 03
1 1 03 G —=F|—
< | X (X3¢) T —E[] (419) o =8 {mXO (X7 4%9) } ’ (429)
62m? |m 5
then,

Under the assumption that

P [H;Xo (X()TC)°3 - 95 >ch(1—0) ”Iigi}

Z W min {/,L_l, K}QkZ} K}2]€4 logs (Hk) 5 (420)
B l & (w1 .\ [tq%
applying Lemma E.2, we have <P MmXO (XO C) —9E ) >c(1-0) /<;24
03 ATql® —-B?/2 3
HlXo (XOTAT(]) —E[]|] <cf(1-0) H 2qH4. + 20me + 2mexp ( 10k logm) (430)
m 9 K

(421) With triangle inequality, we have

with probability larger than 1 — ¢z exp (—k) — cok ™. At 1 o (o7
last, taking ep = 0°k~*, we obtain that H EXO (XO C) —9E , (431)
3(1-0)

grad [¢] (q) — “om?z grad [¢] (¢)

e[t ]

+ g —gEll, -
2 2
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Hence, provided

1]

K2

_ C
lge — gEl, < 59(1 —0) , (432)

we have

P {H;XO (XOTC)OB —9E

4
, >ch(1-0) 1{24}

[t
/€2
(433)

Truncation Level Next, we choose a large enough entry-
wise truncation level B such that the expectation of

the gradient E {iXO (XI¢) 03} is close to that of its

m

6(1—0)

<p [H;XO (x2¢)”

. S o 3 .
truncation E {% Xo (Xg ¢ ) ° } Moreover, we introduce
following events notation

& ={l|lzill o > B U |||, > 40klogm},  (434)
then
g — gk,
1 3
=|E|— i (xy, -1ge. 435
mzijw@c <) EL (435)
1 3
< a?“E (2 (2:,0)° 16| (436)
. 5112 1/2
< = (xT . ,
< m; (E zi (27¢) J EM) (437)
1/2
< (B[led]) " x
\/E |:1||:13iHoo>Bi| +E {1\|wi|\0>49k10gm} (438)
< 50K\ /40keB2/2 + exp (— 30k log m) (439)
By setting
4k8
B>C'log? [ —" ), (440)
6(1—0)
we have
- L/ cy? I¢]15*
Oke B2 < Z () 92 (1-0) 2 @4
¢ =2 (100) (L=6)" g 44D
In addition, whenever
4 4 2,414
ok > log W E ) )
3logm 262 (1 —0)"[<ly
we have
: L/ c\2 I¢15*
_ 3 (& 2 (1 _ pn)\2 4
exp (—§klogm) < o (155) 0 (1 —6)° S
(443)
Therefore,
\/40ke*32/2+exp (—30klogm) < E19(1— ) I<lls .
4 -2 50r2k2
(444)

25
In addition,
1/2
(& [l1:13]) ook S0k, (ads)

Plugging in Eq (445) and (444) back to (439), we
obtain that
6
— C ATq
Ige —gpl, < 50(1-06) HTHAL

and hence

[m (x5 e

(446)

€IS
, >ch(1—-0) 112]

1 - /= 03 )
o [t a2 e

c
5 2

(447)
Independent Submatrices. To deal with the complicated
dependence within the random circulant matrix X,
we break X into submatrices X7, ..., Xo;_1, each of
which is (marginally) distributed as a (2k — 1) x 51
i.i.d. BG(f) random matrix. Indeed, there exists a per-
mutation IT such that

XoIl = [X1, Xo, -+, Xok—1], (448)
with

(449)
We apply similar matrix breaking approach for the
truncated matrix X. The summands within each term

X; (X7¢) °® are mutually independent and hence is
amenable to classical concentration results.

Xi = [@i, ®ig(2h—1)s " Tik (m—2k—1)] -

1 - ST 03 1 m _ 5
EXO (XO C) = E ; <5Bl7c> x; (450)
2](‘,—11 oty —1 ,
B ZE Z (®it2k-1)5:C)" Tig(an—1); | (451)
=1 j=0
2k—1
1 — — 03
=2 % (XiT C) : (452)
im1

We conservatively bound the quantity of inter-
est, =X, (X7 )03, by ensuring that for each k,
X (XF¢) *® be close to its expectation.

|| %0 (%5¢) " e > S0 -0 1415
m 0 9 2 K2
2%—1 5 & 6
1o (orn\® §r cf(1-06)|<|
< X, (XT¢) - > = 4
2k—1

— ZP
=1

Applying Bernstein inequality for matrix variables as
in Lemma G.7, with d; = 2k — 1, dy = 1, we can obtain

H;XQ (XiTC)Og— gr

_co1-6) ||<||Z}
5 2 K2(2k—1)

that for independent random vectors vy, . .., v, with
n
o® = Elllvill3] (453)
i=1
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and ensuring that

lvils <R a.s.

> t] < 4kexp(

(454)

—t2/2
o2+ 2Rt/3

we obtain that

P[Zvi]EH

(455)
Here, we have used that
n n
> Epw;]| <tr) E[vv;]] (456)
i=1 =1
=Y E[lwl3]. @
=1
and
w; = Z; (;,C)° . (458)
Notice that
lwill, < [l (459)
< (4B20klogm)” (460)
= 16B*0%k?log® m. (461)

Let us further note that
Z E [2;(j1)®i(j2)? Jzzfﬂz(Js) Jsi‘i(jz;)Q 324}
J1,
jajatia
-3 Z

J1#J2#]53
2k—1

+ ) E

Ji=1

> E[&i(j2)C2i(53)° ¢, 2i (1) ¢ ] (462)
J1#J2FJ3FTa

< 20k x 0 [|C[15 + 3 x 36° |||

(2 (1)1 C2 ®(j2)2C2 ®4(j)2C

wz ]1

(463)

In similar vein, we can obtain that

Z E[il(.]l)sz(jQ) ]22w1(]3) ;13}

J1,J27#73
=ZE zi(1)?] Y E[&i(52)*C3i(3) ¢
32;633#]1

+Z [2:(1)* ¢ 2i(2) "¢

J1#£3j2

+ > E[2i(1)°¢ #:(j2)°¢, ] (464)
J1#£372

< 20k x 367 [[CII3 €113 + (9 +15) 0% €15 11C 113 (465)

and

Z E [z;(j1)°Z:(j2)° JQ]
Ji.J2
Z E wz 32 ]2]

= Z]E ©;(j1)?
3275]1

—|—ZIE z;(51)%¢) ] (466)
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26
< 20k x 150 [[¢|g + 1050 ||C]IS (467)
Now we calculate
E [lwil3] = E 123 (@, ¢)°] (468)
7
=E| > () [[2:G0¢. (469)
J1se-0507 £=2
= 15> B [&:(j1)°®i(j2)°C, i (ja) ¢, ®i(4a) *CF ]
Jatistia
+15 > E[Zi(h)2:(52)° 2 () ¢
J1.927#7s
+ > E [#(j1)°®:(52)°C ] (470)
J1,J2
< 156% |[¢I5 (20 + 9)
+ 1507 [[¢13 (6 + 24)
+0¢|15 (306k + 105) (471)
< 1506%k + 6000 (472)
whence for 6 > 1/k,
E[[wi|3] < C6%, (473)
and hence
o2 < C'0’m (474)
Matrix Bernstein gives that
Pl|XXFO ~E 1), 2 ¢]
—t2/2 >
< 4k . 475
= <092m+ C'B*02k2 log® kt 475)
Setting t = %%W’ we can obtain
1o 5 co(1 —9)IICII6}
Pl =X;(XTO)P -E[]]| >-——2tld
|5 Ero= et = {wgs
/" 1— 2 12
< thep [ CmO=OPIE
K2 + 0 (1 — 0) BAk2k3 ||C||S

e-Net Covering To obtain a probability bound for all g €
S¥—1, we choose a set of (n=ATq, withn=1,---,N.
Suppose for any q € S¥~!, there exists g,, such that
llg — gnll, < ¢, then

1 — _ 03
(XTC) - *Xi (Xf<n> H S L ”q - qn||2 )
m 2
(477)
where L is the Lipschitz constant for function
LX,; (X'Z-TATq)(B. For entry wise bounded X, €
RZ*=DX %7 we have

HX%HQ < V20mB, HXiesz < V40kB,

then the Lipschitz constant L can be bounded as

=

(478)

1 _
L< L%,

ding (%7¢) | |xrar], am)
2

< 8602k B*. (480)
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With triangle inequality, we have

) -E X ()]

2

2
A EEACASREEIES A6 N
2
+H1XZ (x7¢)” - Lx (x7¢.)” D
<[ (xre)” - L& (76|
+2Le (482)

Hence, we need to choose the e-net to cover the
sphere of g with

¢ 0A=0 iy el

LA il 483
ARZ (2K — 1) L qetis (483)

plug in L < 46?kB* and number of sample N suffice

3\ k
N < <7) (484)
€
< exp (kz In (g)) (485)
0%k2k*B*
< 1 —_— 4
_exp{kn(C’e(l_e))] (486)
Forn=1,---,N, denote
X (X7¢)” (1= 0)[1¢all}
Pi(Qn):P{ o ['] sz )
(487)
then together with union bound over all g,, , we obtain
that,
I G elt | )
q€Rac, SIS T 2k%(2k-1)
< 3 Plg) (489)
QHG,’%QC*
<N max Pi(gn) (489)
gn€R20,
< 4k supexp [ — em (1= 60)* [¢]l* o
T gemae,  \ RUREH6(1—0) B2k ¢
exp (k In (g)) . (490)
Hence,
_ 03
|5 X0 (XTO)-EL|,  coa—p)
P| sup 3 > 3 5
q€Ra0, ||C||4 k

27
ST P ((XIO™-5l], -
Rl Y ¢ = 2k2(2k — 1)
(491)
< (2k — 1) max
o Exexro-eb], w0
p ju—
€Rac, (4> 2k% (2k — 1)
(492)
< 8k? supexp | — cm (1 —6) ||CH «
T gk, \ AT H0(1-0) BRIl
which is bounded by exp (—k) as long as
min { (2C,) 2, k2K2
m>C { }H2k410g3(lﬁlk) (494)

- (1-0)°

21.2 R4
> C'klog (MB) .
(L=0) <l

4k.2 934:%2]63
x , . (49
! {< 07 ¢ (1 6) ||<||2}

To sum up, we obtain that for all ¢ € Ryc,, inequality

1 03 AT
meo (x74%q)" ~E[] <l ol /;”4
(496)
holds with probability no smaller than 1 — ¢; exp (—k) —
cok™* — c3 exp (—0k). O

APPENDIX F
CONCENTRATION FOR HESSIAN (LEMMA 4.3)

Lemma F1. Suppose xo ~i.i.qa. BG (8). There exists positive
constant C' that whenever

min { (20*;152)74/3 , k2}
(1—6)° 02

min

m > C0

k
6741503 ( K )
" 8 (1 - 9) Omin
(497)

and 0 > logk/k, then with probability no smaller
than 1 — ciexp (—k) — cok™ — 48k~7 — 48m™5 —

24k exp (fm min {k 3\/7})
4
q,

(498)

3(1-0)

<ec
Om?

2

)

HHGSSM (q) - Hess[¢] ()

holds for all q € 7@20* with positive constant ¢ < 0.048 <
3 (1 —6c, — 36¢2 — 24¢3).

Proof. Denote

—1/2

n=Y7 (YYT) q, (499)
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~1/2

7=Y7 (9mA0AOT) q=m)"2XT¢, (500)

and

1 —1/2 -1/2
W:<%YYT> ~(448) . 0

Yy — (1/1/T)_1/2 Y. (502)
Then we have
3(1—9
[pessil (@) - 2P ttess gl )|
=[Py [29 ding (07) V7 (a0 a0 1] By
- %Pﬁ [3Adiag (¢°2) AT — |[CII I Py
(503)
< HPqL [if" diag (1°?) IA/T] P,
e PSJAdag €47t e
3 3
N H [<q,w @) - 28Dy 2
? (504)

|7
< Gz (n°?) YT( YYT>1/2

Al

+ % | AX, diag (n?) YW

A

+ eiz | AX, diag (n°* - 7°2) XT A7)

af

HP [AX, diag (77?) X A”| P,

~Pyu [3(1-0) Adiag (¢*%) AT + 01| P,
Al
3(1-9 3
+[t@vo @ - 222 - 2] e
m 2
Af
(505)
In the rest of the proof, we prove that
H_C 1- .
A — 9 9 N2 HC||4v 2217273~ (506)
and
H -
Al < 9 i =4,5. (507)
First, let us note that
k
1- KOk log? [ —— )
C(1-60)"20.2 k%% log ((1 ) y— (508)
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28
Kk 6 3 Kk
< — ] 1 —_—
< (= tom) ¢ (T om)
kk 9
< [
B ¢ ((1 - 0) 01111n> (510)
or
10g3 (C(l - 9) Omin KOk? log (%))
Clog (#)
log C + 91 ) ’
og og 70
< “:) (511)
c1/3 1og = g)gmm)
3
< logC’ n ? - (512)
Cl/ 1Og (1- g)k;'mln) C
3
8
< ( thas) €z 6w
< 01/2 (514)
Since
) —4/3
N m1n{(2C’ pk?) ,k2} 61410 3< Kk
. _KkF
e, P 0o
(515)

as the ratio log3 m/m decreases with increasing m, then

log® m

m
< log” (C(l ':))g i log” <"mi:(]i*9))>

Clog* (52—

1-6)° 02,
x 0= 0) O (516)
min {(20*}1,/{2)7 / k} KOk4
4 1—0)° 02
( ) mm (517)

<
C'2 nin {(26’*#/12)_2/3 , k} KSkA

According to Lemma D.1, the following inequality
holds

1
HXOXOT -1 <o (518)
Om )
< 10,/k logm/m (519)
20 (1 — 0) omin maX{(ZC*um2)2/3 , k;—l}
= (520)
01/4H3k3/2 10gm
4
200min (1 —0) HATq”4 R
= O1/43 T E3/2 logm Vg € Rac, (521)

with probability no smaller than 1 — g9 with g¢ =
2exp (—0k)+24k exp ( mln{k: 3v0 })+48k77+
48m 5.
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We have 4k35 /o min < 1/2 whenever

. 4
C > (W) (522)

together with

T < || AT e = ol < || Af ao | < o2 529)

whence 6 <1/ (85 ), and Lemma D.3 implies that

l

1 71/2 71/2
<%YYT) Ay — (AOAOT) Ay
2

< 4K38 /o—mm (524)
. 80 || A%all; VgenR (525)
>~ Cl/4k3/2 IOg ) q 2C, -
Moreover,
1 X0, < (Bm)2V1+6 (526)
< (9m)"* (1+6/2) (527)
17 1/2
< — . 2
<16 (Om) (528)

Finally, Lemma A.5 implies that with probability no
smaller than 1 — 5, we have

H:BOH <\/>10 1/2 (29m>

€B

(529)

Upper Bound for A and AZ. With probability no
smaller than 1 — g9 — €, the norms of 7 are upper
bounded as in Lemma A.7,

3 1 —1/2
Al < s (%YYT) Ag— Al x
2
, , o1 . —-1/2
X Ay | —YY 530
1%l Il | 45 (5 ) o
3 4/{36
< — 1+6/2
0 O-I'l'llIl ( + / )
4K35
( UK ) —log(20m/53) (531)
3660 1 — 4 log(20m/ep)
= C/4 Om?2 HC” k2 logm (532)
A similar result holds for
Af < 0 |X0||2 | diag (n H2
—-1/2
H —YYT> Ag— A (533)
2
24401 — 4 log(20m/ep)
< G gz IICII W logm (534)
To make Al < €128 |1¢||} and AY < £1=0|¢||], we
require
_log (20m/ep)\*
1 2o\ =71 =57
c> (9 x 3660c 2 logm . (535)
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Upper Bound for A, With probability no smaller than

1 —eo — e, the difference between 7°2 and 1n°? is upper
bounded as in Lemma A.7,
Hnoz o 77’02”
<=l [l + 7l (536)
4K35 4k38\ 2k
<= (2 + =2 > = log (20m/ep)  (537)
Omin Omin om
5k 4K35
< % 10g (297’71/83) . - (538)
Therefore
3 3 o —0
Al = yp HAXO diag (g Z_q 2) XOTATH (539)
< gz 1AIZ 105 [diag (n7* — 7°2)]|,  (540)
15k 4K38
< 55 (146/2)" log (26m/ep) - ; (541)
1400 (1 — 0) log (20m/eRB) | .,1a
< e o Il (542)
Again, A is bounded by £ am % whenever
_,log (20m/ep)\*
1
Upper Bound for AZ. Recall that
—1/2
F=YyT (aonAg“) a, (544)
then
E | X, diag (7°%) X{ |
1 . 02
—E {%XO diag <X0T ATq) xT ] (545)
o2
=3 (1 —0)diag (ATq) +20ATqq" A
|12
16 HA qH2I, (546)
once including the projection P,., we have
P.E [AXO diag (7°%) X7T AT] P (547)

= P, [3(1-0) Adiag (¢*) AT + 01| P,
Therefore
3 . %
A = mHPqL [AXO diag (7°%) XgAT} P,
~-P,. [3 (1—0) Adiag (¢°%) AT + 91} P,
(548)

1 . o2
— Xo ding (X{¢) ~ XJ ~E[]

= 92,2
0?m 9

(549)
Under the assumption for sample size that

m > C(1—0) %kt mm{(QO*u)_z/g,k} k3 log® (kk),
applying Lemma E.2, we have

1 . 02 c

- Xodiog (x5¢) " x7 ~E L <500 -0lcr.

(550)



This article has been accepted for publication in a future issue of this journal, but has not been fully edited. Content may change prior to final publication. Citation information: DOI 10.1109/T1T.2019.2940657, IEEE

Transactions on Information Theory

JOURNAL OF BTEX CLASS FILES, VOL. 14, NO. 8, AUGUST 2015

simultaneously at every q € Roc, with probability no
smaller than 1 — ¢; exp (—k) — cok ™%

Upper Bound for AZ’. Note that this term is essentially
the difference between the asymptotic and finite sample
objective

3(1—-10 3
84 = |[t@vean-25=2icii- 2]
(551)
3 3
<|@vo@ -2 - ) e
1 1
< oy | HXOTCH4 —30/(1-0) |ICII} — 36
1
+ (@ V(@) - 55 | (553)
1 ||Axy(XxT¢) .
1
+ — [lInl = lll] (554)
Recall that
2 [rrax (xtao)]
_E [Ami (miTATq)S} (555)
=30 (1 —6) A¢®® + 36%q, (556)

With similar argument as in Lemma 4 2, we can show

that this term can be bounded by & 0m 1 whenever
: 2\ =4/3 1.2
C/mm{(“" )k }m6k4log3(ld€).
- (1 — 6)2 O.r2nin (]-_ g)amin
(557)
Moreover, with probability 1 — ey — e
1 4 i
— il = ]
1 — )
< —|(n—1,4n°%)| (558)
m
4 _ 3
< =l [nlls (559)

16x3 4k3
< 6r70 (14+6/2) (1 ~ 6) —log(20m/63)
OminM Omin Om
(560)
1 3
< 05‘% log (20m /ep) - 2 (561)
Jmln
3060 (1—6) . .4 log(20m/ecp)
< CiA om2 €y - TE 2 logm (562)
which is bounded by & em % whenever
1—0)log (26 *
¢ > (6 x 3060c—1 L= 108 (20m/2n) (563)
k1/2logm

30

The right hand side is bounded by an absolute constant
for all m.

At last, by setting ep < 62 (1 — 0)° k=% and adding
up failure probabilities, we have that with probability
larger than 1 — coexp (—k) — cok ™ — &,

HHess [¥] (q) — % Hess [¢] (q) ,
<c al (564)

holds as desired for all q € 7@2@ , Where ¢ =
2exp (—0k)+24k exp ( T3z min {k 3V }) +48k~"+
48m 5. O

F.1 Proof of Lemma F.2

Lemma FE2. Suppose xg ~iiq. BG (). There exist con-
stants C' > 0 that whenever

min { (20*,1“12)74/3 , k2}
(1-0)*

and 0k > 1, then with probability no smaller than 1 —
crexp (—k) — cak ™4,

m > k*log® (kk),

(565)

1 . o2
HmXO diag (XgATq) X —E[]

2

<cf(1—0) HAT (566)

holds for all g € 7@20* with positive constant ¢ < 0.005 <
(1 —6c, — 36¢2 —24c3) /3.

Proof. The proof strategy for the finite sample concentra-
tion of the Hessian is similar to that of the gradient
as presented in Lemma E.2. For simplicity, we will
only demonstrate some key steps here, please refer to
Lemma E.2 for detailed arguments.

Again, from Lemma A.5, the coefficient satisfies
lzoll,, < B with probability no smaller than 1 —
29me‘B /2. We write Zo(i) = @0(i)1jz,()<p, and
let X, denote the circulant matrix generated by the
truncated vector Zy. Denote

1 02
HE:]E[EXOdiag(XgAT@ XOT}, (567)
_ l— . T AT\ %7
Hp =E | —Xodiag (Xy A q) Xg|,  (568)

m

then
X diag (X

P[ oding (XFOXE Zcoa—mcni}

m 2
X, diag (XT¢)2X7T
SP{ 0 1ag(m0 ¢) —Hg 269(19)||C||j]
2

1 20meB°/2 1 om exp (7201@ log m> (569)
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while via triangle inequality,

1 - . _ o2 _
HmXO diag (X] ATq) ~X{ — Hp

2

1 - _ 02 _ _
< HXO diag (X{ ATq)  X{ - Hg
m

2

+||Hp — Hgl|, - (570)

Truncation Level. Next, we choose a large enough entry-
wise truncation level B such that the expectation of the

Hessian E [XO diag (X' AT q) °? XOT} is close to that of

its truncation E [XO diag (XTI AT q) 2 XT } . Moreover,
we introduce following events notation

E ={llzillo > B U ||z, > 40klogm},  (571)
then
|Hp — Hp|,
1
=|E EZ@%QQ wzicleE] i (572)
< lE:HIE {(w C)Zwmr-lE} ‘ (573)
= m - (3] Aad) i F
< 3 (el|@.c?zel|| Bl "
= i i, Ti;T; F E;
1/2
< (B[led]) " x
\/E [1l|wi\|w>B} +E [1\|w1|\0>49k10gm} (575)
< 5Ok2\/49ke*32/2 + exp (—30klogm) (576)
By setting
k7
B>C'"log"? | —— (577)
0(1—-9)
we have
IS113
ke B°/2 < /62 (1 — 0)? ?4 (578)
In addition, whenever
4 21.4
0k > log 00 k:2 s | (579)
3logm 202 (1 —0)"I<ly
we have
1 (c0(1-6)\* [¢]I3
3
exp (—20klogm) < 5 ( 100 ) k44' (580)

Hence,

- et (1-10)
\/40ke=B* 1 exp(— 20k log m) < oo lelli-
(581)
Therefore, we can obtain that

|Ae - Hal, < So0-0)[cli  (582)

31

always holds, hence

— . T ~\°2%T
b [HXodlag (X3¢) X0 —Hg| > c6(1-0) ||C||i]
m
2
T
<PHXodlag (X5¢)”x _H > So(1-0) IICi] :
m 2 2

(583)

Independent Sub-matrices. As we did in Lemma E.2,
we remove the dependence in X by sampling every
2k — 1 column such that

XoIl = [ X1, Xy, , Xop_1], (584)

where

X = @i, ®ig(2h—1)s " Ti (m—2k—1)] » (585)

and IT is a certain permutation of the columns of Xj.

Applying Bernstein inequality for matrix variables
as in Lemma G.7, with M; = (&;, ATq>2 z,z7 €
R(2k7 1)x(2k—1) . Since

M, ‘<wz,ATq> iz (586)

2
<@l (587)
< 4B*k? (588)

and

|E [M;M?]|| = |[E [M; M| (589)
= HE Kml,A q>4 a‘:@fa‘:ﬁ:ﬂ (590)
= ||E[@. 0 @3zl @on)
<E[(@:,¢)" IZl3], (592)

we obtain the following upper bound:

E[(2:,¢)* 23]
2k—1
=E [Z Zi (71)° % (j2)°

J1,J2 VERSE

> HCBZ (Je) C]e]

,J6 £=3
(593)

2k—1
o [Z (1) @ (72)" Y ®: (s)” ¢, 2 (a)” ¢,

J1,J2 Js#Ja
2k—1
+E Z wz (jl wz .72 sz .73 ;Ls (594)
J1,J2
— SN2 — SN2 — - N\2 — N
=3E | > &()) & (o) i (ja)" & () ¢,
J1#]2
FJ3F#Ja

_ - \4 — - \2 — - \2
+3]E[ > xi()" & (j2)° ¢, T (s) ]23}
J1#£J2#7J3
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e <Lllg-q| (604)
+6E | Y & (j1)° ¢z (j2)* 2 2
i1 #32 Then the Lipschitz constant L is upper bounded by
_ 5 (i V2 3. (i 2 3. (7)) 2 HXZHE T AT T T r
HOE | Y @i ()’ ® () & (7s)” C, L< HX A H2<HX qH + HX ¢ ) 605
L1 #j2#]s 9 m . S S
- L <2 )%, (606
TOE | D @ (1) G () €, < 862mB*. (607)
LJ1#J2
[ With triangle inequality, we have
+28 | > & ()’ % (52)° ¢ P
|1 772 " X diag (X7¢) "X/ E[]
- m )
N2 = N2 = .4 _ _ 09— _ _ 02 =
+E | #(1) % (J2)" i (s) ;13] X, diag (XT¢)*XT X, diag (X7¢,) X7
| j1#i2 733 < m - m
B 2
BV > ST 025 = = 025
+E| Y & (j1)" & (j2)* ;*2] o || X diag (XF€) X?}_E[ ; diag (X7¢,) Xﬂ
| J1772 m m )
v EH —T 02 —T T 13 —T 02 _T
+E Z z; (])8 C;l (595) + Xl dlag (Xz Cn) X’L —E Xl dlag (X’L Cn> XZ
i i m m 9
< (10560 + 1862k + 6062k + 1203k2) ||¢||* ) ) (608)
Y v T ° T \ T ° T
+3 (2167 +300% + 40°K2 + 120%) ¢} (596) < || Xi(Xidn) T X E[X@ (X ¢n) " X3 }
< COPk? (597) m m 5
1 2Le (609)

Assuming 0m > 1, hence
Next, we are going to choose the e-net to cover the sphere

2 _ ~ip3
o =C0°km. (598) of g with
Setting t = £ 21=9mICli i1y Matrix Bernstein gi 0(1—0
g $ =55~ '+ in Matrix Bernstein gives L C ( ) min ¢ (610)
that 4 (2k — 1) L qest—1 ">
P [H)Zz (Xch) s E[]| > t} hence the number of samples IV is bounded by
2 N
()
< 8k 599 = (611)
= SRexXp <C93km n C’B492k2t> » 599) €
< .
we obtain that < exp(—klne) (612)
_ — 02 = 934]€2m
p ||| X: diag (XT¢)"xT E[] 0(1-0)|<¢|S < Cexp |klog | ——— || - (613)
m k-1
) 2 . Forn=1,---,N, denote
1-46
< 8kexp . Cm( ) HC||4 5 (600) P, ((In) _
0k* + 6 (1 —0) B4k |[C][4 = . 025 4
. : L X diag (X¢n) "X cf(1—0)([¢nll4
e-Net Covering To obtain a probability bound forallg € P —E[]|| > AE =1
Sk=1, we choose a set of ¢,, = ATq, withn =1,--- | N. m 2 (2k—1)
Since for any q,q’ € S¥"! and ¢’ = ATq/, we have (614)

together with union bound over all g,,, we obtain

H X, diag (X'vTC)OZX'lT X, diag (X'ZTC’)OZX'iT

m m ) HXZ diag()?f()ca_(? B E[]
Ule o Tromne® fomno?] on Pl sup m s O(1—0)
= | Ko | (x7¢) - (x7¢) " &E| o F s i< = 202k-1)
X7 N _ o
< Xl diag{(XiT ¢) - (x7¢) 2} 602) < > Pilan) (615)
zn 2 2 qn€7ézc*
X; _ _ _ _
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< 8k sup exp (— I€lly 4> X
geRac, 0k* +6 (1 —0) B*E ||C]l,
exp (k In (g)) . (617)
Hence,
H Xo diag(XgC)oz_)?g_ B[]
m c
P| sup 2> 0(1—-6)
a€Rac, ¢l 2
X diag()_(iTC)O?)_(iT_]E []
5 cB(1—-10)
< Z]P’ sup I >
i E7Q2c* ||CH4 2(2k_1)
(618)
< (2k — 1) max
X, diag()_(iTC)O%)_(iT _ )
. — i )
up 2
q€Rac, ¢l 2(2k - 1)
(619)
/ 1 _
S]ﬁkgsupexp<_, dm (1-0)* [I¢]5 4) y
qgeRac, 0k* +0(1—0) Bk ||C]],
exp (k: In <§)) (620)
€
Therefore, by taking
co . —4/3
m> —— min{ (20, ux> K2 kY log® k(621
T {(2Cou®) 7 K2} k108" & (621)
B\ K+ (1-0)B*%*|<|l;
zcmmog( Okm ) + (1= 6) B €]l
(1=0) €Il (1—=0)"l<lly
(622)
and adding up failure probability, we obtain
1 . T AT \°? T
HmXo diag (XO A q) X, —E[] ,
4
<cf(1—0) HATqH (623)

with probablhty no smaller than 1 — ¢jexp(—k) —
20 (1—0)* k=4 — c3exp (—0k).
O

APPENDIX G
TooLs

Lemma G.1 (Moments of the Gaussian Random Vari-
ables). If X ~ N (0,02), then it holds for all integer p > 1
that

E [|X|p] =P (p - 1)” |:\/Z]]-p odd + ]]-p even:| (624)

<oP(p-1) (625)
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Lemma G.2 (Moments of the x? Random Variables). If
X ~ x%(n), then it holds for all integer p > 1,

P pF(p+n/2)
E[XP] =2 T n/2) (626)
H (n+ 2k —2) < pl(2n)P/2 (627)

Lemma G.3 (Moments of the y Random Variables). If
X ~ x (n), then it holds for all integer p > 1,

L(n/2)  —
Lemma G.4 (Moment-Control Bernstein’s Inequality for
Scalar RVs, Theorem 2.10 of [FR13]). Let X1,..., X, be
i.i.d. real-valued random variables. Suppose that there exist
some positive number R and o? such that

E [X?] — (628)

E[|X["] <

Let S = % P _1 Xk, then for all t > 0, it holds that

m! )
7021%’”_2, for all integers m > 2.

pt?

202 + 2Rt

Corollary G.5 (Moment-Control Bernstein’s Inequal-
ity for Vector RVs, Corollary A.10 of [SQW15]). Let
x1,...,x, € R? be iid. random vectors. Suppose there
exist some positive number R and o such that

E [Jlzx]™] <

Let s = % 2:1 &y, then for any t > 0, it holds that

P[|S —E[S]| > t] < 2exp <— ) (629)

Tn?crszﬁ7 for all integers m > 2.

pt®
P —E >t < 2(d+1 —— | -
ls=Elsll 2 4 < 2(d+ Dexp (~ ")

(630)
Lemma G.6 (Moment-Control Bernstein’s Inequality for
Matrix RVs, Theorem 6.2 of [Trol12]). Let Xy,..., X, €
R4*4 be i.id. random, symmetric matrices. Suppose there
exist some positive number R and o such that
(631)

|
E[X}") < o R,

|
~E[X]"] < %UZRW?I. (632)
or all integers m > 2. Let S = 1 P_ X4, then for all
g p k=1
t > 0, it holds that

pt?

202 + 2Rt
Lemma G.7 (Bernstein’s Inequality for Uncentered Ma-

trix RVs). The matrix Bernstein inequality states that for
independent random matrices My, . .., M,, € R41*dz if

azznwx{ },

(634)

PIIS - EIS]l 2 1) < 2dexp (- ).

S E[M M
=1

> E[M; M)
=1
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and

[Mill, <R as, (635)

then

|

> t:| < (d1+d2) exp (

(636)
Proof. For zero mean random matrices
M, —EM,, ..., M, —EM, ¢ Rh*d, (637)
we have that
| M; — EM;||2 < 2R, (638)
and
0 < > E[(M; — EM;)(M; — EM,)"]
i=1
<> E[M; M), (639)
i=1
0 <> E[(M; — EM;)*(M; — EM,)]
i=1
<Y E[M;M]. (640)

1

o
Il

Plugging corresponding quantities back to Theorem
1.6 of [Trol12], we obtain that

P[ZMi—E[~]
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> t:| < (d1+d2) exp (
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