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Abstract

In applications of scanning probe microscopy, images are acquired by raster
scanning a point probe across a sample. Viewed from the perspective of
compressed sensing (CS), this pointwise sampling scheme is inefficient,
especially when the target image is structured. While replacing point mea-
surements with delocalized, incoherent measurements has the potential to
yield order-of-magnitude improvements in scan time, implementing the
delocalized measurements of CS theory is challenging. In this paper we
study a partially delocalized probe construction, in which the point probe is
replaced with a continuous line, creating a sensor which essentially acquires
line integrals of the target image. We show through simulations, rudimen-
tary theoretical analysis, and experiments, that these line measurements
can image sparse samples far more efficiently than traditional point mea-
surements, provided the local features in the sample are enough separated.
Despite this promise, practical reconstruction from line measurements poses
additional difficulties: the measurements are partially coherent, and real
measurements exhibit nonidealities. We show how to overcome these limi-
tations using natural strategies (reweighting to cope with coherence, blind
calibration for nonidealities), culminating in an end-to-end demonstration.

1 Introduction

Scanning probe microscopy (SPM) is a fundamental technique for imaging interactions
between a probe and the sample of interest. Unlike traditional optical microscopy, the reso-
lution achievable by SPM is not constrained by the diffraction limit, making SPM especially
advantageous for nanoscale, or atomic level imaging, which has widespread applications in
chemistry, biology and materials science [1]. Conventional implementations of SPM typically
adopt a raster scanning strategy, which utilizes a probe with small and sharp tip, to form a
pixelated heatmap image via point-by-point measurements from interactions between the
probe tip and the surface. Despite their capability of nanoscale imaging, SPM with point-
wise measurement is inherently slow, especially when scanning a large area or producing
high-resolution images.

When the target signal is highly structured, compressed sensing (CS) [2, 3, 4] suggests it is
possible to design a data acquisition scheme in which the number of measurements is largely
dependent on the signal complexity, instead of the signal size, from which the signal can be
efficiently reconstructed algorithmically. In nanoscale microscopy, images are often spatially
sparse and structured. CS theory suggests for such signals, localized measurements such as
pointwise samples are inefficient. In contrast, delocalized, spatially spread measurements
are better suited for reconstructing a sparse image.
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Unfortunately, the dense (delocalized) sensing
schemes suggested by CS theory (and used in other
applications, e.g., [5, 6, 7]) are challenging to im-
plement in the setting of micro/nanoscale imaging.
Motivated by these concerns, [8] introduced a new
type of semilocalized probe, known as a line probe,
Which integrates thg signal intensity along a straigh.t Figure 1: Left: lab made SECM device
line, and studied it in the context of a particular mi- \yith Jine probe. Right: closeup side view
croscopy modality known as scanning electrochem-  of Jine probe near a sample surface.

ical microscopy (SECM) [9, 10]. In SECM with line

probe, the working end of the probe constitutes a straight line, produces a single measurement
by collecting accumulated redox reaction current induced by the probe and sample. These
line measurements are semilocalized, samples a spatially sparse image more efficiently than
measurements from point probes, and “has an edge” on high resolution imaging since a thin
and sharp line probe can be manufactured with ease. Moreover, experiments in [8] suggest
that a combination of line probes and compressed sensing reconstruction could potentially
yield order-of-magnitude reductions in imaging time for sparse samples.

Realizing the promise of line probes (both in SECM and in microscopy in general) demands
a more careful study of the mathematical and algorithmic problems of image reconstruction
from line scans. Because these measurements are structured, they deviate significantly
from conventional CS theory, and basic questions such as the number of line scans required
for accurate reconstruction are currently unanswered. Moreover, practical reconstruction
from line scans requires modifications to accommodate nonidealities in the sensing system.
In this paper, we will address both of these questions through rudimentary analysis and
experiments, showing that if the local features are either small or separated, then stable
image reconstruction from line scans is attainable.

1.1 Related work

Compressed sensing tomography. Line measurements also arise in computational tomogra-
phy (CT) imaging [11, 12, 13, 14, 15, 16]. Classical CT reconstruction recovers an image from
densely sampled line scans, by approximately solving an inverse problem [17, 18]. These
methods do not incorporate the prior knowledge of the structure of the target image, and
degrade sharply when only a few CT scans are available. Compressed sensing offers an
attractive means of reducing the number of measurements needed for accurate CT image
reconstruction, and has been employed in applications ranging from medical imaging to
(cryogenic) electron transmission microscopy [19, 20, 21, 22, 23, 24, 25, 26]. The dominant
approach assumes that the target image is sparse in a Fourier or wavelet basis, and recon-
structs it via /! minimization or related techniques. Images in SECM and related modalities
typically exhibit much stronger structure: they often consist some number of small particles
[27, 28], or other repeated motifs [29]. In this situation, CS is especially promising. On the
other hand, as we will see below, understanding the interaction between line scans and
spatially localized features demands that we move beyond conventional CS theory.

Mathematical theory of line scans: Radon transform and image super-resolution. The
question of recoverability from line measurements is related to the theory of the Radon
transform, which corresponds to a limiting situation in which line scans at every angle are
available [30, 31, 32]. The Radon transform is invertible, meaning perfect reconstruction is
possible (albeit not stable) in this limiting situation. Due to the projection slice theorem [33],
the line projections are inherently lowpass, and so the line scan reconstruction problem is
related to superresolution imaging [34]. When the image of interest consists of sparse point
sources, the image can be stably recovered from its low-frequency components, provided the
point sources are sufficiently separated [35]. Similarly, we can hope to achieve stable recovery
of localized features from line scans as long as the features are sufficiently separated.

2 Line measurement model

To implement line scans for SECM, a line probe (Figure 1) is mounted on an automated
arm which positions the probe onto the sample surface. The line scan signal is generated by
placing this line probe in different places, and measuring the integrated current induced by
the interaction between the line probe and the electroactive part of the sample. In a pragmatic
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Figure 2: Flow chart for scanning procedure of SECM with continuous line electrode probe.

scanning procedure (Figure 2), the user will choose distinct scanning angles 61, . .., 8,,. For
each angle 6, the line probe is oriented in direction ug = (cos 8, sin §) and swept along the
normal direction uy = (sin #, — cos f). Each sweep of probe generates the projection of the
target image along the probe direction ug; collecting these projections for each §;, we obtain
our complete set of measurements.

Line projection. To describe the scanning procedure more precisely, we begin with a
mathematical idealization, in which the probe measures a line integral of the image. In this
model, when the probe body is oriented in direction u4 at position ¢, we observe the integral
of the image over (g, := {w € R? | (ug, w) = t}:

LolY](t) := f%’t Y(w)dw = [[Y (s-ug + t-ug) ds. 2.1)

Collecting these measurements for all ¢, we obtain a function £4[Y] which is the projection
of the image along the direction uy. We refer to the operation £y : L*(R?) — L*(R) as a
line projection. Combining projections in m directions © = {6,}." , we obtain an operator
Lo : L*(R?) — L3(R x [m)):

LolY) = 5 [Lo[Y].... Lo, [Y]]. @2

Line scans. In reality, it is not possible to fabricate an infinitely sharp line probe, and hence
our measurements do not correspond to ideal line projections, but rather their convolution
with a point spread function ¢ that models blurring along the scanning direction. In SECM,
1 is typically skewed, with a long tail in the sweeping direction. Accounting for this effect
is important, if we wish to obtain accurate reconstructions in practice. In this more realistic
model, our measurements become

R = [+ Lo [Y],....x Lo, [Y]] = pxLo[Y]. (2.3)

This measurement consists of m functions 4 * Ly, [Y'] (¢) of a single (real) variable ¢, which
corresponds to the translation of the probe in the uy. direction. In practice, we do not measure
this function at every ¢, but rather collect n equispaced samples, giving measurements

R, = S{R;} € R"and R = [Ry, ..., R,;] € R™™. Our task is to understand when and
how we can reconstruct the target image Y from these samples.

3 Promises and problems of line scans

3.1 Compressed sensing of line projections for highly localized image

As a proof of concept, we first show that the line probe can efficiently sense sparse images
consisting of well-separated features:

Lemma 3.1. Consider an image consists of k > 2 discs radius r. If the centers w, ..., wy, are

separated such that min,¢; [|w; — w;||, > Zk*r, then three line scans with probe direction chosen
independent uniformly at random suffice to recover the image with probability at least 1 — C.

Lemma 3.1 shows if we assume the sparse component of the image signal are small and
separated discs; if the radius of the discs are sufficiently small, then, perhaps surprisingly,
only three line projections are required to exactly reconstruct the image.

3.2 Reconstructability from line projections of localized image in practice

While the microscopic images are often sparse in spatial domain, they rarely satisfy the
conditions of Lemma 3.1. In the following, we show that in practical application of line scans,
when the image consists of multiple localized motifs, the performance of line measurements
degrades as the ratio between the size of motifs and their separation increases.

3
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Figure 3: (i): Least eigenvalue of G with motifs on hexagonal lattice. We show an example image of
motifs placed on the lattice locations (left), and calculate the least eigenvalue with varying number of
motifs and distance-to-diameter ratio (right). (ii): The point spread function of line probe is skewed
in the sweeping direction. We show a close form PSF used for reconstruction (left); and software
(LabVIEW) simulated PSF whose shape and intensity changes as the contacting angle varies (right).

Coherence of line projection of two localized motifs Inspired by CS, we study the con-
ditioning of the line projection Lo when it is restricted to an image with sparsely populated
motifs D € L*(R?). Consider an image with two motifs located at different locations, and
define a 2 x 2 Gram matrix G with its ij-th entries being coherence [36] between line projected
signal of two motifs D with center at w; and w; respectively,

Gij = (Lo[D * 84, Lo[D * 84,]) - (3.1)

If the off-diagonal entry G; is small in magnitude compared to the diagonal entries G;;, G,
then it suffices to reconstruct the image exactly with efficient algorithm. Conversely, if G is
ill-conditioned or even rank-deficient, then exact recovery will be impossible.

Lemma 3.2. Let D be a two-dimensional Gaussian pdf with variance r and normalized in a sense
that | Lo[D]| > = 1. If § is uniformly random, then the expectation of inner product between two
line projected D at different locations w;, w; is bounded by

(1 - %) La<or + g3lasar < Eo(Lo[D * du,], Lo[D * 8u,]) < (3.2)

1
\/1+d2/4r?”
where d = ||w; — wj||,, and d., is the Dirac measure at w.

Lemma 3.2 shows the coherence between line projections of two Gaussian of variance r
and center distance d is dominated by the distance-to-diameter ratio d/2r. Because of the
projection slice theorem, the matrix EyG is always positive definitive. However, its condition
number greatly increases when the image is consists of highly overlapping local features.
When the ratio is small, say d/2r < 1, in which the two projected motifs are overlapping, then
EyG,; will be close to one as with the diagonals, implies Eg G become severely ill-conditioned
even in the two-sparse case. Generally speaking, line scans are not CS-theoretical optimal
sampling method for sparse recovery for image of superposing discs.

Injectivity of line projection of multiple motifs with minimum separation To extend
the study of the coherence of matrix G to samples that contain ¥ > 2 motifs D. We first
investigate a model configuration whose motif centers are allocated on a hexagonal lattice
with edges of length d. It turns out that the smallest eigenvalue of an approximation G with
respect to the locations {w;, ..., wy} is largely determined by the distance-to-diameter ratio
d/2r, and depends only weakly on the total number of motifs.

In Figure 3, we calculate the least eigenvalue of an approximation EyG with G, where

Gij = (1+ |w; — w;]|; /4r?)~1/? is obtained from the upper bound in Lemma 3.2. We show
that when these motifs are highly overlapping with distance-to-diameter ratio d/2r = 0.5,

the least eigenvalue of Gis very close to zero and the matrix is nearly rank-deficient; when

the motifs are separated, say d/2r > 1, the least eigenvalue of G is steadily larger then
zero and approaches one as the ratio d/2r increases. Interestingly, in our experiments
the least eigenvalue does not depend strongly on the number of motifs, suggesting that
the distance-to-diameter ratio is the dominant factor for injectivity of line projections on
motifs with hexagonal placement. Since the hexagonal configuration is the densest circle
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packing on a plane, we suspect that Apin (EgG) is also determined by the ratio d/2r for every
configurations satisfying the minimum separation property. This conjecture gains more
ground when viewing this problem from the point source super-resolution perspective [35].
It is known that an image consisting of point measures © = ) . ;d,,, can be stably recovered
from its low frequency information (with frequency cutoff f.) whenever the point sources
have minimum separation d > C/ f. for some constant C, regardless of the number of such
point measures in . In our scenario, we will show that the expected line projection Eq L} Ly
is also a low-pass filter; and since the local features D is also often consists of low frequency
components, our line projections Lg[D * X] can be modeled as the low-pass measurements
from sparse map X, implying stable and efficient sparse reconstruction is possible as long
as X is enough separated under infinitely many line measurements of all angles.

Lemma 3.3. Suppose D is two-dimensional Gaussian of variance r with || Lo[D]|| ;. = 1 and X is
finite summation of Dirac measure. If 0 is uniformly random, then Eg D x L3 Lo[D « X is a lowpass
filter KC on X with cut-off frequency f. satisfying

fe=1min {27'25*1, llog (8r2e~1)| + 0'2} ) (3.3)

in the sense that max ¢, >y, |72 {K} (§)| < e.

Lemma 3.3 shows when the radius of D is sufficiently large, then the cut-off frequency f. is
dominated by the cut-off frequency of D, hence it is sufficient to recover X as long as the
separation d satisfies d > Cr, which is also reflected from the observation of Figure 3. In cases
with small (pointy) D, the cut-off frequency is mainly determined by the low-pass property
of line projection, which requires minimum separation d > C¢/r for exact reconstruction.

3.3 Obstacles of image reconstruction from line scans

Besides the apparent nonideality of coherence of line scan measurements which is not
CS theoretical optimal, this specific sampling method and its corresponding hardware
limitations causes other practical nuisances during image reconstruction.

High coherence of line scans. To show the coherence is a cause for concern, consider the
nonnegative Lasso
minx>o A1 X |, + 5 | A[X] - Rl|3 (3-4)
from observstion R = A[X] and linear, column normalized and coherent sampling method
A. Denote () as the support set of solution of (3.4), write Aq as the submatrix of A restricted
on columns of support €2, the unique solution X of program (3.4) (provided if Ag, is injective)
can be written as
Xij = [X()ij — A(AFZAQ)ill]_’_ w;; € Q, Xij =0 Wij ¢ Q. (35)

When A is coherent, columns of A have large inner product, implies many entries of the
matrix Ag Aq have large, positive off-diagonal entries close to its diagonals. When the sparse
penalty ) is large in (3.4), its solution will have incorrect relative magnitudes since A& Aq
is not close to identity matrix as conventional CS measurements [37]. When A is small, the
solution of program will be highly sensitive to noise, occasionally leading to incorrect results.

Incomplete information of PSF of line scans. Another layer of complexity for CLP scans
is the difficulty to correctly identify its PSF due to hardware limitations, especially when
operating line scans in nanoscale. For instance in Figure 3 (right), we show if the contacting
angle between the probe and the sample varies, the corresponding PSF changes drastically
in both the peak magnitude and the shape. It turns out that even with seemingly small
changes of probe condition, the corresponding PSF can be inevitably variated.

4 Reconstruction from line scans
In all following experiments, we consider a representative class of images Y characterized
by superposing reactive species D at locations W = {wy,...,w)y } C R? with intensities

{al, Ce gy } C R;. Define the activation map X, as sum of Dirac measure at W, then Y’
can simply be written as convolution between D and Xj:

Y =DxXo =" a;D x5y, (4.1)
The image reconstruction problem is then cast as finding the best fitting sparse map X
from line scans R = S{W¥ * L[Y']}, and the reconstructed image is simply D % X. Since all
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scanning efficiency is better than point probe by 3-10 times.

associated operations on X (convolution with D, 1 and line projection Lg) are all linear,
this becomes a sparse estimation problem, which can be solved via the Lasso:

minx>o A Y, Xij + 5 [R— S{tp + Lo[D + XT}|5. (4.2)

4.1 Sparse recovery with Lasso from line projections

In light of Section 3.2, the measurement performance using infinitely many line scans is
almost dependent only on the distance-to-diameter ratio of the local features. Since in
practice, only finite number line scan is available, we want to study how many line scans
will be sufficient for efficient and exact sparse image reconstruction. We do this by studying
the performance of algorithm (4.2) while assuming the line scan are idealized where v = 4.

Figure 4 shows the reconstruction performance from line scans with varying number of
line scans (uniform randomly chosen angle) used and number of discs in the images Y
(discs of radius r at random location satisfying d/2r > 1 via rejection sampling). Here, two
experiment setting is presented: fixed area (3 x 3mm?, disc radius 50um) and fixed density (
20 discs/mm?, disc radius 50um). In the phase transition (PT) image, each pixel represents
the average of 50 experiments; and in each experiment, given a random image Y line scans,
if solving (4.2) correctly identify the support map of Y, then the algorithm succeeds, and
vise versa. It shows clear transition lines in both PT images, and the comparison of scanning
time between line/point probes shows clear improvement of scanning efficiency.

Interestingly if we compare the result with CS theory, which asserts the number measurement
of samples required is close to linear proportional to signal sparsity; here, though the line
scans are not CS-optimal, both PT images exhibits similar phenomenon. When the image
size is fixed, total number of samples m is proportional to the line scan count IV, with PT
transition line showing linear proportionality between number of line scans and discs N o k,
gives m o k; on the other hand, when the image density is fixed, the number of samples m

is proportional to N x v/k while the transition line in PT is showing N oc vk, again suggests
linear proportionality between number of measurement and sparsity m oc Nvk o< k.

In either case, line measurements are substantially more efficient than measurements with a
point probe. Realizing this gain in practice requires us to modify the Lasso to cope with the
following nonidealities: (i) line scans are coherent, (ii) the PSF 4 is typically only partially
known, and (iii) naive approaches to computing with line scans are inefficient when the
target resolution is large. Below, we show how to address these issues, and give a complete
reconstruction algorithm.

4.2 Practical Reconstruction with Nonidealities

Fast computation of discrete line projection The line projection of an image Y in direc-
tion of angle @ is equivalent to the line projection at 0° of clockwise rotated Y by angle 6.
This enables an efficient line projection computationally via fast image rotation with shear
transform in Fourier domain [38] (see appendix); and more importantly, its adjoint (back
projection) can be computed in a similarly explicit manner.

Reweighting Lasso for coherent measurements To cope with the coherence phenomenon,
we adopt the reweighting scheme [39] by solving Lasso formulation (4.2) multiple times
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the reweighting plus calibration method (right) approximately recovers the image.

True image  Reweight only Reweight+Rescale

while updating penalty variable A in each iterate. At k-th iterate, the algorithm chooses the
regularizer X in (4.2) base on the previous outcome of lasso solution X *), where

AL e ox Y o)t (4.3)

with ¢ being the machine precision constant and C being close to the smooth partin (4.2). The
effect of reweighting method is two-fold: (i) it is a majorization-minimization algorithm of
sparse regression using log-norm as sparsity surrogate [39], hence, discovers sparse solution

more effectively compares to the use of /!-norm in Lasso; and (ii) the sparsity surrogate in
(k+1)

final stages of reweighting approaches /’-norm, by seeing XEJT+ ~1if X ) £ 0ask — o
ij

As a result, in the final stages, problem (4.2) effectively turns into least squares, restricted
to the support of X, which produces a sparse solution with correct magnitude. Figure 5
(left) displays an example of reweighting scheme, showing better reconstruction result than
vanilla Lasso.

Blind calibration for incomplete PSF information We can cope with incomplete infor-
mation about the PSF by working with a parametric family of PSF’s and optimizing the
parameters at reconstruction time. Here, we allow the PSF to vary from scan to scan, writing
1 (p;) for the PSF for the i-th scan, with parameters p;. We optimize both the parameters
P1 ... Pm and the sparse map X via alternating minimization. Figure 5 (right) exhibits a
simulated example in which the PSF of line scans has unbalanced magnitudes due to the
variation of probe scanning angle (Figure 3), suggests incorporating calibration scheme
achieves successful reconstruction while non-calibration method falls short.

4.3 Image reconstruction algorithm from line scans

Finally we formally state the complete algorithm (see appendix) for reconstruction of SECM
image from its line scans. The algorithm solves multiple iterations of
. (k) 2
i S ANXG S LIS < Lo D XN - Rl @)
while updating the penalty variable A(*) in each iterate base on (4.3) with C' ~ 1(|S{2p =

LoD+ X *~1]} — R||3. To solve a single iterate of (4.4), the algorithm utilize an accelerated
alternating minimization method specifically for nonsmooth, nonconvex objectives (iPalm
[40], see appendix). We choose the step size for this method by backtracking since (4.4) can
be highly non-smooth locally.

5 Real data experiments

Figure 6-(i) compares the reconstruction result (10um per pixel) between the line probe
and point probe scans on a simplistic three disc samples (75um radius, platinum). Here,
the point probe tip diameter and the line probe edge thickness are equivalent (= 20um),
and the probe moving speed (100ms), the sampling period (10um), and the probe end
material (platinum) are identical as well. Four images are shown here, including the optical
closeup image for the three discs, the line scans, and the reconstruction image of either
point probe or the line probe. In the optical image, the straight arrow represents the probe
sweeping direction, and the angular arrow states sample rotation direction (clockwise) with
angle 6. In the reconstructed images, the black circles indicated the ground truth size and
location of the discs derived from the optical image. The reconstruction algorithm is setup
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Figure 6: (i). Real data experiments on 3 platinum discs [41], the black circles in the microscopic
images are derived from the disc location in camera image. (ii)-(iii). Real data experiments of 8, 10
platinum discs, in which the location map is also the result of line scan reconstruction.

with 6 reweighting iterations, where each iterates runs 50 iterates of iPalm. We can see
the reconstruction from point probe exhibits distortion in image due to the skewness of
probe PSF along its proceeding direction during raster scans; while the image of line scan
reconstruction presents three circular features with its size and locations are agreeing with
the ground truth.

In Figure 6-(ii)-(iii), we reconstruct the image (20um per pixel) of samples consist of platinum
discs arranged in a more complicating configuration. Two sets of the experiment are pre-
sented here, which are the samples consist of 8 or 10 discs, while the disc diameter/image
resolution/probe dimension/sampling period /algorithm iterations are all identical to the
three discs case. We demonstrate both of the resulting reconstructed image and the location
map defined by 1 (X205} at (7, j)-th entry. For these more complicated images, our

algorithm are still able correctly identify the location and shape of the platinum discs. The
corresponding location maps X are also estimated with reasonable accuracy.

6 Summary & Discussion

This paper describes issues, both theoretical and practical, that arise in reconstructing images
from a new scanning probe microscopy technique, which has the potential to image sparsely
populated samples much more efficiently than conventional approaches. There are many
directions for future work. Our focus here has been on SECM, but the approach and technical
results here are applicable to other scanning probe microscopy modalities, and are potentially
applicable to other modalities such as CT that image based on projections. Motivated by
materials science applications, our reconstruction approach focuses on images consisting of
localized features; in other areas, different signal models may be approach. Unlike many
other imaging modalities, in SPM the design of probe topography (i.e. the sampling pattern)
is not limited to a straight line, therefore it is possible to adopt various different probe design
accommodate different signal structures. Finally, obtaining sharp estimates of the required
number of line scans is an interesting question for future theoretical work.
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